CONFIDENCE INTERVALS MADE EASY

UNDERSTANDING CONFIDENCE INTERVALS: MADE EASY

CONFIDENCE INTERVALS MADE EASY IS OUR GOAL TODAY AS WE DELVE INTO A FUNDAMENTAL CONCEPT IN STATISTICS THAT
OFTEN SEEMS MORE INTIMIDATING THAN IT NEEDS TO BE. IMAGINE YOU'RE TRYING TO UNDERSTAND A LARGE GROUP OF PEOPLE,
BUT YOU CAN ONLY SURVEY A SMALL PORTION. HOW DO YOU USE THAT SMALL GROUP'S DATA TO MAKE AN EDUCATED GUESS
ABOUT THE ENTIRE POPULATION? THAT'S PRECISELY WHERE CONFIDENCE INTERVALS COME INTO PLAY, OFFERING A RANGE OF
VALUES THAT LIKELY CONTAINS THE TRUE POPULATION PARAMETER. THIS ARTICLE WILL BREAK DOWN WHAT CONFIDENCE
INTERVALS ARE, WHY THEY'RE CRUCIAL, HOW THEY'RE CONSTRUCTED, AND HOW TO INTERPRET THEM CORRECTLY. WE'LL
EXPLORE THE FACTORS INFLUENCING THEIR WIDTH AND DISCUSS COMMON PITFALLS TO AVOID, MAKING THIS POWERFUL
STATISTICAL TOOL ACCESSIBLE TO EVERYONE.
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WHAT IS A CONFIDENCE INTERVALP

AT ITS CORE, A CONFIDENCE INTERVAL PROVIDES A RANGE OF PLAUSIBLE VALUES FOR AN UNKNOWN POPULATION PARAMETER,
SUCH AS THE AVERAGE HEIGHT OF ALL ADULTS IN A COUNTRY OR THE PROPORTION OF VOTERS WHO SUPPORT A PARTICULAR
CANDIDATE. INSTEAD OF GIVING A SINGLE POINT ESTIMATE (LIKE “THE AVERAGE HEIGHT 1S 5'9”"), WHICH MIGHT BE SLIGHTLY
OFF DUE TO SAMPLING VARIABILITY, A CONFIDENCE INTERVAL OFFERS A RANGE (E.G., “WE ARE 95% CONFIDENT THAT THE TRUE
AVERAGE HEIGHT 1S BETWEEN 5'8” AND 5'10””). THIS RANGE ACKNOWLEDGES THE INHERENT UNCERTAINTY THAT COMES WITH
USING A SAMPLE TO REPRESENT A LARGER POPULATION.

THINK OF IT LIKE TRYING TO HIT A BULLSEYE WITH A DART. A SINGLE DART THROW (A POINT ESTIMATE) MIGHT MISS THE
CENTER. A CONFIDENCE INTERVAL IS LIKE DRAWING A CIRCLE AROUND WHERE YOU EXPECT THE BULLSEYE TO BE, BASED ON YOUR
THROW. THE LARGER THE CIRCLE, THE MORE CONFIDENT YOU ARE THAT THE BULLSEYE IS SOMEWHERE WITHIN IT, BUT THE LESS
PRECISE YOUR ESTIMATE BECOMES.

WHY ARE CONFIDENCE INTERVALS IMPORTANT?

CONFIDENCE INTERVALS ARE INDISPENSABLE IN STATISTICS AND DATA ANALYSIS BECAUSE THEY QUANTIFY THE UNCERTAINTY
ASSOCIATED WITH OUR ESTIMATES. WITHOUT THEM, WE'D BE LEFT WITH SINGLE NUMBERS THAT DON'T TELL THE WHOLE STORY
ABOUT HOW RELIABLE OUR FINDINGS ARE. THEY ALLOW US TO MAKE INFORMED DECISIONS AND DRAW MEANINGFUL CONCLUSIONS
FROM SAMPLE DATA, RECOGNIZING THAT OUR SAMPLE IS JUST A SNAPSHOT OF A LARGER REALITY.

ONE OF THE PRIMARY REASONS FOR THEIR IMPORTANCE IS THAT THEY ENABLE US TO INFER CHARACTERISTICS OF A POPULATION
FROM A SAMPLE. SINCE IT'S OFTEN IMPRACTICAL OR IMPOSSIBLE TO COLLECT DATA FROM EVERY INDIVIDUAL IN A POPULATION,
WE RELY ON SAMPLES. CONFIDENCE INTERVALS HELP US BRIDGE THIS GAP BY PROVIDING A MARGIN OF ERROR AROUND OUR
SAMPLE STATISTIC. THIS MARGIN OF ERROR IS CRUCIAL FOR UNDERSTANDING THE POTENTIAL VARIABILITY AND IS VITAL FOR
HYPOTHESIS TESTING AND MAKING COMPARISONS BETWEEN GROUPS.



FURTHERMORE/ CONFIDENCE INTERVALS PROVIDE A MORE COMPLETE PICTURE THAN SIMPLE POINT ESTIMATES. THEY TELL US NOT
ONLY WHAT OUR BEST GUESS IS BUT ALSO HOW MUCH CONFIDENCE WE HAVE IN THAT GUESS. THIS IS CRITICAL IN FIELDS LIKE
MEDICINE, \WHERE UNDERSTANDING THE RANGE OF EFFECTIVENESS FOR A NEW DRUG IS AS IMPORTANT AS THE AVERAGE EFFECT.

THe BUILDING BLocks oF CONFIDENCE INTERVALS

TO CONSTRUCT A CONFIDENCE INTERVAL, WE NEED A FEW KEY INGREDIENTS. THESE COMPONENTS WORK TOGETHER TO DETERMINE
THE SIZE AND PLACEMENT OF OUR ESTIMATED RANGE. UNDERSTANDING EACH ELEMENT WILL DEMYSTIFY THE CALCULATION
PROCESS.

PoINT ESTIMATE

THIS IS OUR BEST SINGLE GUESS FOR THE POPULATION PARAMETER BASED ON OUR SAMPLE DATA. FOR EXAMPLE, IF WE'RE
ESTIMATING THE AVERAGE HEIGHT OF STUDENTS IN A SCHOOL, OUR POINT ESTIMATE WOULD BE THE AVERAGE HEIGHT OF THE
STUDENTS WE ACTUALLY MEASURED. COMMON POINT ESTIMATES INCLUDE THE SAMPLE MEAN FOR POPULATION MEANS AND THE
SAMPLE PROPORTION FOR POPULATION PROPORTIONS.

MARGIN OF ERROR

THIS IS THE “PLUS OR MINUS” PART OF THE CONFIDENCE INTERVAL. [T REPRESENTS THE AMOUNT OF UNCERTAINTY AROUND OUR
POINT ESTIMATE. A LARGER MARGIN OF ERROR MEANS A WIDER INTERVAL AND LESS PRECISION, WHILE A SMALLER MARGIN OF
ERROR MEANS A NARROWER INTERVAL AND GREATER PRECISION. THE MARGIN OF ERROR IS INFLUENCED BY SEVERAL FACTORS,
INCLUDING THE VARIABILITY IN THE DATA AND THE DESIRED LEVEL OF CONFIDENCE.

CONFIDENCE LEVEL

THIS IS THE PROBABILITY THAT THE CONFIDENCE INTERVAL ACTUALLY CONTAINS THE TRUE POPULATION PARAMETER. IT'S
USUALLY EXPRESSED AS A PERCENTAGE, WITH COMMON LEVELS BEING 90%, 95%, AND 99%. A 959, CONFIDENCE LEVEL
MEANS THAT IF WE WERE TO TAKE MANY RANDOM SAMPLES AND CALCULATE A CONFIDENCE INTERVAL FOR EACH, ABOUT 95%
OF THOSE INTERVALS WOULD CAPTURE THE TRUE POPULATION PARAMETER. |T'S CRUCIAL TO REMEMBER THAT THE CONFIDENCE
LEVEL APPLIES TO THE PROCESS OF CREATING THE INTERVAL, NOT TO A SPECIFIC INTERVAL CONTAINING THE TRUE VALUE.

CrITICAL VALUE

THE CRITICAL VALUE IS A MULTIPLIER THAT DEPENDS ON THE CONFIDENCE LEVEL AND THE DISTRIBUTION OF OUR DATA (OFTEN

THE NORMAL DISTRIBUTION OR THE T‘DISTRIBUTION). |T ESSENTIALLY DETERMINES HOW MANY STANDARD ERRORS AWAY FROM
THE POINT ESTIMATE WE NEED TO GO TO CAPTURE THE DESIRED PERCENTAGE OF THE DISTRIBUTION. FOR EXAMPLE, FOR A 950/0
CONFIDENCE LEVEL IN A NORMAL DISTRIBUTION, THE CRITICAL VALUE IS APPROXIMATELY 1.96.

STANDARD ERROR

THE STANDARD ERROR MEASURES THE VARIABILITY OF THE SAMPLING DISTRIBUTION OF A STATISTIC. |T TELLS US HOW MUCH
WE EXPECT OUR SAMPLE STATISTIC TO VARY FROM SAMPLE TO SAMPLE. FOR A SAMPLE MEAN, THE STANDARD ERROCR IS
CALCULATED BY DIVIDING THE SAMPLE STANDARD DEVIATION BY THE SQUARE ROOT OF THE SAMPLE SIZE. A SMALLER STANDARD
ERROR INDICATES THAT OUR SAMPLE STATISTIC IS LIKELY TO BE CLOSE TO THE POPULATION PARAMETER.



CALCULATING A CONFIDENCE INTERVAL: A STEP-BY-STEP APPROACH

LET'S WALK THROUGH THE GENERAL PROCESS OF CONSTRUCTING A CONFIDENCE INTERVAL. W/HILE THE SPECIFIC FORMULAS CAN
VARY SLIGHTLY DEPENDING ON WHETHER YOU'RE ESTIMATING A MEAN OR A PROPORTION, THE UNDERLYING LOGIC REMAINS
CONSISTENT.

STeP 1: DETERMINE YOUR POINT ESTIMATE

FIRSTI CALCULATE YOUR SAMPLE STATISTIC. |F YOU'RE INTERESTED IN THE AVERAGE, CALCULATE THE SAMPLE MEAN. IF You're
LOOKING AT PROPORTIONS, CALCULATE THE SAMPLE PROPORTION.

STEP 2: CHoOoSE YoURrR CONFIDENCE LEVEL

DECIDE ON THE DESIRED LEVEL OF CONFIDENCE. THE MOST COMMON IS 959%, BUT YOU MIGHT CHOOSE 909% or 99% DEPENDING
ON THE CONSEQUENCES OF BEING WRONG.

STEP 3: FIND THE CRITICAL VALUE

BASED ON YOUR CHOSEN CONFIDENCE LEVEL AND THE APPROPRIATE STATISTICAL DISTRIBUTION (OFTEN THE Z-DISTRIBUTION FOR
LARGE SAMPLES OR PROPORTIONS, AND THE T-DISTRIBUTION FOR SMALL SAMPLE MEANS)/ FIND THE CRITICAL VALUE.
STATISTICAL TABLES OR SOFTWARE CAN HELP WITH THIS STEP.

STep 4: CALCULATE THE STANDARD ERROR

CALCULATE THE STANDARD ERROR OF YOUR STATISTIC. FOR A SAMPLE MEAN ($\BAR{x}$), IT's $SE = s / \sQrT{N}$, WHERE
$5%$ IS THE SAMPLE STANDARD DEVIATION AND $N$ IS THE SAMPLE SIZE. FOR A SAMPLE PROPORTION ($\HAT{P}$), IT's $SE =

\s@rT{\HAT{PI(1-\HAT{P})/N3}$.

STEP 5: CALCULATE THE MARGIN OF ERROR

MULTIPLY YOUR CRITICAL VALUE BY THE STANDARD ERROR: MARGIN OF ERROR = CRITICAL VALUE X STANDARD ERROR.

STeEP 6: ConsTRUCT THE CONFIDENCE INTERVAL

THE CONFIDENCE INTERVAL IS THEN CALCULATED AS: POINT ESTIMATE £ MARGIN OF ERROR.

INTERPRETING CONFIDENCE INTERVALS: WHAT DoES IT REALLY MEAN?

THIS IS OFTEN WHERE PEOPLE GET A BIT CONFUSED, SO LET'S CLARIFY. W/HEN WE SAY WE HAVE A 950/0 CONFIDENCE INTERVAL,
WE ARE NOT SAYING THERE'S A 950/0 CHANCE THAT THE TRUE POPULATION PARAMETER FALLS WITHIN THIS SPECIFIC INTERVAL
WE CALCULATED. ONCE AN INTERVAL IS CALCULATED, THE TRUE PARAMETER EITHER IS IN IT OR IT ISNIT; THERE'S NO
PROBABILITY INVOLVED FOR THAT PARTICULAR INTERVAL.

|NSTEAD, THE 950/0 CONFIDENCE REFERS TO THE RELIABILITY OF THE METHOD USED TO CREATE THE INTERVAL. IF WE WERE TO
REPEAT THE SAMPLING PROCESS MANY TIMES AND CALCULATE A 950/0 CONFIDENCE INTERVAL FOR EACH SAMPLE,



APPROXIMATELY 950/0 OF THOSE INTERVALS WOULD CONTAIN THE TRUE, BUT UNKNOWN, POPULATION PARAMETER. THe
REMAINING 50/0 WOULD NOT. SO/ OUR CALCULATED INTERVAL REPRESENTS ONE OUTCOME FROM A PROCESS THAT IS 950/0
RELIABLE IN CAPTURING THE TRUE VALUE.

IT°S IMPORTANT TO AVOID COMMON MISINTERPRETATIONS. FOR INSTANCE, SAYING “THERE'S A 95% PROBABILITY THAT THE
TRUE MEAN IS BETWEEN X AND Y IS INCORRECT. THE CORRECT INTERPRETATION IS: “WE ARE 95% CONFIDENT THAT THE TRUE
POPULATION MEAN LIES WITHIN THE INTERVAL [X, Y].” THIS DISTINCTION HIGHLIGHTS THE FOCUS ON THE LONG-RUN
PERFORMANCE OF THE STATISTICAL PROCEDURE.

FAcTORS AFFECTING CONFIDENCE INTERVAL WIDTH

THE WIDTH OF A CONFIDENCE INTERVAL IS A DIRECT REFLECTION OF THE PRECISION OF OUR ESTIMATE. A NARROWER INTERVAL IS
GENERALLY PREFERRED BECAUSE IT PROVIDES A MORE PRECISE ESTIMATE. SEVERAL FACTORS INFLUENCE THIS WIDTH:

o CONFIDENCE LEVEL: A HIGHER CONFIDENCE LEVEL (E.G., 99% Vvs. 959%) REQUIRES A WIDER INTERVAL. TO BE MORE
CERTAIN THAT YOU'VE CAPTURED THE TRUE VALUE, YOU NEED TO CAST A WIDER NET.

e SAMPLE SIZE: A LARGER SAMPLE SIZE LEADS TO A NARROWER INTERVAL. WITH MORE DATA, YOUR POINT ESTIMATE
BECOMES MORE RELIABLE, REDUCING THE MARGIN OF ERROR.

o DATA VARIABILITY (STANDARD DEVIATION): HIGHER VARIABILITY IN THE DATA (A LARGER STANDARD DEVIATION)

RESULTS IN A WIDER INTERVAL. IF THE DATA POINTS ARE SPREAD OuUT, IT'S HARDER TO PINPOINT THE POPULATION
PARAMETER ACCURATELY.

CoMMON PITFALLS AND How To AvolD THEM

EVEN WITH A SOLID UNDERSTANDING, IT'S EASY TO STUMBLE WHEN WORKING WITH CONFIDENCE INTERVALS. BEING AW ARE OF
THESE COMMON MISTAKES CAN SAVE YOU FROM DRAWING INCORRECT CONCLUSIONS.

o CoNFuUSING CONFIDENCE LEVEL WITH PROBABILITY: AS DISCUSSED, REMEMBER THAT THE CONFIDENCE LEVEL APPLIES TO
THE METHOD, NOT A SPECIFIC INTERVAL.

o MISINTERPRETING A WIDE INTERVAL: A WIDE INTERVAL ISN'T NECESSARILY “BAD,” BUT IT DOES MEAN YOUR ESTIMATE IS
IMPRECISE. |T MIGHT INDICATE A NEED FOR A LARGER SAMPLE SIZE OR THAT THE POPULATION IS HIGHLY VARIABLE.

¢ |GNORING SAMPLE SIzE REQUIREMENTS; SOME FORMULAS FOR CONFIDENCE INTERVALS (ESPECIALLY FOR PROPORTIONS)
HAVE ASSUMPTIONS ABOUT MINIMUM SAMPLE SIZES TO ENSURE THE NORMAL DISTRIBUTION APPROXIMATION IS VALID.

o CoNFUSING CONFIDENCE INTERVALS WITH PREDICTION INTERVALS: A CONFIDENCE INTERVAL ESTIMATES A POPULATION
PARAMETER (LIKE THE MEAN)/ WHILE A PREDICTION INTERVAL ESTIMATES A SINGLE FUTURE OBSERVATION.

e CALCULATING FOR THE \WRONG PARAMETER: ENSURE YOU'RE CALCULATING A CONFIDENCE INTERVAL FOR THE
PARAMETER YOU'RE INTERESTED IN (MEAN, PROPORTION, DIFFERENCE BETWEEN MEANS, ETC.).



CoNFIDENCE INTERVALS IN REAL-\W ORLD SCENARIOS

CONFIDENCE INTERVALS ARE NOT JUST THEORETICAL CONSTRUCTS,; THEY ARE USED DAILY IN COUNTLESS FIELDS TO INFORM
DECISIONS. IN MARKETING, A COMPANY MIGHT CALCULATE A CONFIDENCE INTERVAL FOR THE AVERAGE CUSTOMER SPENDING TO
FORECAST REVENUE. N PUBLIC HEALTH, RESEARCHERS USE CONFIDENCE INTERVALS TO ESTIMATE THE EFFECTIVENESS OF A NEW
VACCINE OR THE PREVALENCE OF A DISEASE IN A POPULATION. POLITICAL POLLSTERS USE THEM TO GAUGE THE MARGIN OF
ERROR FOR THEIR SURVEY RESULTS, EXPLAINING WHY A CANDIDATE MIGHT BE “LEADING BY A MARGIN THAT IS STATISTICALLY
NOT SIGNIFICANT.” EVEN IN MANUFACTURING, QUALITY CONTROL OFTEN RELIES ON CONFIDENCE INTERVALS TO ENSURE PRODUCT
SPECIFICATIONS ARE MET.

THESE EXAMPLES HIGHLIGHT THE PRACTICAL UTILITY OF CONFIDENCE INTERVALS. THEY PROVIDE A CRUCIAL LAYER OF
STATISTICAL RIGOR, ALLOWING US TO MOVE BEYOND SIMPLE OBSERVATIONS AND MAKE DATA-DRIVEN STATEMENTS WITH AN
UNDERSTANDING OF THE INHERENT UNCERTAINTY. BY MASTERING THE CONCEPTS OF CONFIDENCE INTERVALS, YOU GAIN A
POWERFUL TOOL FOR INTERPRETING DATA AND MAKING MORE INFORMED JUDGMENTS IN A \WORLD DRIVEN BY STATISTICS.

FAQ

Q: WHAT IS THE DIFFERENCE BETWEEN A CONFIDENCE INTERVAL AND A MARGIN OF
ERROR?

A: THE MARGIN OF ERROR IS THE “PLUS OR MINUS” COMPONENT OF A CONFIDENCE INTERVAL. |T QUANTIFIES THE AMOUNT OF
RANDOM SAMPLING ERROR IN A SURVEY OR EXPERIMENT. THE CONFIDENCE INTERVAL IS THE RANGE CALCULATED BY ADDING AND
SUBTRACTING THE MARGIN OF ERROR FROM THE POINT ESTIMATE. SO/ THE MARGIN OF ERROR IS A PART OF THE CONFIDENCE
INTERVAL.

QZ IF A CONFIDENCE INTERVAL IS VERY WIDE, DOES THAT MEAN MY DATA IS BAD?

A: NOT NECESSARILY. A WIDE CONFIDENCE INTERVAL INDICATES A HIGH DEGREE OF UNCERTAINTY OR IMPRECISION IN YOUR
ESTIMATE. THIS COULD BE DUE TO A SMALL SAMPLE SIZE, HIGH VARIABILITY IN YOUR DATA, OR A HIGH CONFIDENCE LEVEL BEING
CHOSEN. WHILE IT MEANS YOUR ESTIMATE ISN'T VERY PRECISE, IT DOESN’T INHERENTLY MEAN YOUR DATA COLLECTION WAS
“BAD,” BUT RATHER THAT MORE DATA OR A DIFFERENT APPROACH MIGHT BE NEEDED FOR A MORE REFINED ESTIMATE.

Q: CAN | INTERPRET A 95% CONFIDENCE INTERVAL AS MEANING THERE IS A 95%
CHANCE THE TRUE POPULATION PARAMETER FALLS WITHIN THE CALCULATED INTERVAL?

A: NO, THIS IS A VERY COMMON MISCONCEPTION. THE 950/0 CONFIDENCE LEVEL REFERS TO THE RELIABILITY OF THE METHOD
USED TO CONSTRUCT THE INTERVAL. |F YOU WERE TO REPEAT THE SAMPLING PROCESS MANY TIMES, ABOUT 950/0 OF THE
INTERVALS YOU CONSTRUCT WOULD CONTAIN THE TRUE POPULATION PARAMETER. FOR ANY SINGLE CALCULATED INTERVAL,
THE TRUE PARAMETER IS EITHER IN IT OR IT ISN’T; THERE'S NO PROBABILITY ASSOCIATED WITH THAT SPECIFIC OUTCOME.

Q: WHAT IS THE MOST COMMON CONFIDENCE LEVEL USED , AND WHY?

A: THE MOST COMMON CONFIDENCE LEVEL USED IS 959%. THIS LEVEL IS OFTEN CHOSEN AS A BALANCE BETWEEN PRECISION AND
CERTAINTY. |IT PROVIDES A REASONABLY NARROW INTERVAL WHILE OFFERING A HIGH DEGREE OF CONFIDENCE THAT THE TRUE
POPULATION PARAMETER IS CAPTURED. OTHER COMMON LEVELS ARE 90% AND 99%, SELECTED BASED ON THE RISK TOLERANCE
FOR MAKING AN INCORRECT CONCLUSION.



QZ How DOES SAMPLE SIZE AFFECT THE WIDTH OF A CONFIDENCE INTERVAL?P

A: INCREASING THE SAMPLE SIZE WILL DECREASE THE WIDTH OF A CONFIDENCE INTERVAL, MAKING THE ESTIMATE MORE PRECISE.
THIS IS BECAUSE A LARGER SAMPLE SIZE PROVIDES MORE INFORMATION ABOUT THE POPULATION, REDUCING THE VARIABILITY OF
THE SAMPLING DISTRIBUTION AND THUS REDUCING THE MARGIN OF ERROR.

Q: WHAT IS A “CRITICAL VALUE” IN THE CONTEXT OF CONFIDENCE INTERVALS?

A: A CRITICAL VALUE IS A MULTIPLIER USED IN THE CALCULATION OF THE MARGIN OF ERROR. |T IS DETERMINED BY THE CHOSEN
CONFIDENCE LEVEL AND THE TYPE OF STATISTICAL DISTRIBUTION (E.G.l Z-DISTRIBUTION OR T‘DISTRIBUTION) THAT UNDERLIES

THE DATA. |T ESSENTIALLY TELLS YOU HOW MANY STANDARD ERRORS AWAY FROM THE POINT ESTIMATE YOU NEED TO GO TO
CAPTURE THE DESIRED PERCENTAGE OF THE SAMPLING DISTRIBUTION.

QZ \WHAT IS THE ROLE OF STANDARD ERROR IN CONFIDENCE INTERVALS?

A: THE STANDARD ERROR MEASURES THE TYPICAL DISTANCE BETWEEN A SAMPLE STATISTIC AND THE POPULATION PARAMETER.
|T QUANTIFIES THE VARIABILITY YOU WOULD EXPECT TO SEE IN SAMPLE STATISTICS IF YOU WERE TO DRAW MANY SAMPLES
FROM THE SAME POPULATION. A SMALLER STANDARD ERROR LEADS TO A SMALLER MARGIN OF ERROR AND THUS A NARROWER
CONFIDENCE INTERVAL, INDICATING A MORE PRECISE ESTIMATE.
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