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Introduction to the Composition of Relations in
Discrete Mathematics

Discrete mathematics lays the groundwork for understanding complex computational and logical
structures, and a fundamental concept within this field is the composition of relations. This article
delves into the intricate world of how relations can be combined, offering a comprehensive
exploration of their composition. We will unpack the definition of a relation, the mechanics of
composing them, and the properties that arise from such compositions. Understanding the
composition of relations is crucial for grasping more advanced topics like graph theory, automata
theory, and database theory. This in-depth guide will illuminate the process, explore its applications,
and highlight its significance in various mathematical and computer science domains. Prepare to
unlock the power of combining relational structures.
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Understanding Relations in Discrete Mathematics

Before diving into the composition of relations, it's essential to firmly grasp what a relation is in the
context of discrete mathematics. A relation between two sets, say set A and set B, is formally defined
as a subset of the Cartesian product of these sets, denoted as A × B. The Cartesian product A × B is
the set of all possible ordered pairs (a, b) where 'a' is an element of set A and 'b' is an element of set
B. Therefore, a relation R from set A to set B is a collection of these ordered pairs, indicating a specific
type of connection or correspondence between elements of A and elements of B.



Relations can be reflexive, symmetric, antisymmetric, or transitive, properties that are often studied
when analyzing their behavior. For instance, a relation R on a set A is reflexive if for every element 'a'
in A, the pair (a, a) is in R. Symmetry means that if (a, b) is in R, then (b, a) must also be in R.
Antisymmetry is similar but states that if (a, b) is in R and (b, a) is in R, then a must equal b.
Transitivity is a cornerstone property, signifying that if (a, b) is in R and (b, c) is in R, then (a, c) must
also be in R. These foundational concepts are pivotal for comprehending the dynamics of relation
composition.

Types of Relations
In discrete mathematics, relations are categorized based on their properties:

Reflexive Relations: Every element is related to itself.

Symmetric Relations: If x is related to y, then y is related to x.

Antisymmetric Relations: If x is related to y and y is related to x, then x must be equal to y.

Transitive Relations: If x is related to y and y is related to z, then x is related to z.

Equivalence Relations: Relations that are reflexive, symmetric, and transitive.

Partial Ordering Relations: Relations that are reflexive, antisymmetric, and transitive.

Understanding these properties is crucial because they influence the characteristics of the composed
relation. For example, if you compose two transitive relations, the resulting relation often inherits the
transitive property under certain conditions.

Defining the Composition of Relations

The composition of relations, often denoted by the symbol '∘', is an operation that combines two
relations to form a new relation. Consider two relations, R from set A to set B, and S from set B to set
C. The composition of R and S, denoted as S ∘ R, is a relation from set A to set C. An ordered pair (a,
c) is in the composition S ∘ R if and only if there exists at least one element 'b' in set B such that (a,
b) is in relation R, and (b, c) is in relation S.

In simpler terms, to determine if an element 'a' from set A is related to an element 'c' from set C via
the composition S ∘ R, we look for an intermediary element 'b' in set B. This 'b' acts as a bridge: 'a'
must be related to 'b' by R, and 'b' must be related to 'c' by S. If such a 'b' exists, then 'a' is related to
'c' in the composed relation.

The order of composition is important. S ∘ R is different from R ∘ S. The composition R ∘ S is defined
only if the codomain of R (set B) is the same as the domain of S (set B). In this case, R ∘ S is a relation
from set A to set C.



Formal Definition of Relation Composition
Let R be a relation from set A to set B (R ⊆ A × B) and S be a relation from set B to set C (S ⊆ B × C).
The composition of R and S, denoted S ∘ R, is defined as:

S ∘ R = {(a, c) ∈ A × C | ∃ b ∈ B such that (a, b) ∈ R and (b, c) ∈ S}

This definition formally captures the idea of finding an intermediate element 'b' that links 'a' and 'c'
through the two relations.

Illustrative Examples of Relation Composition

To solidify the understanding of relation composition, let's consider concrete examples. Suppose we
have three sets: A = {1, 2, 3}, B = {x, y, z}, and C = {p, q, r}.

Let relation R from A to B be R = {(1, x), (1, y), (2, y), (3, z)}.

Let relation S from B to C be S = {(x, p), (y, q), (y, r), (z, p)}.

We want to find the composition S ∘ R, which is a relation from A to C. We look for pairs (a, c) such
that there is a 'b' where (a, b) ∈ R and (b, c) ∈ S.

Consider the pair (1, x) from R. We look for elements in S that start with 'x'. We find (x, p) in S.
Since (1, x) ∈ R and (x, p) ∈ S, the pair (1, p) is in S ∘ R.

Consider the pair (1, y) from R. We look for elements in S that start with 'y'. We find (y, q) and
(y, r) in S. Since (1, y) ∈ R and (y, q) ∈ S, the pair (1, q) is in S ∘ R. Since (1, y) ∈ R and (y, r) ∈
S, the pair (1, r) is in S ∘ R.

Consider the pair (2, y) from R. We look for elements in S that start with 'y'. We find (y, q) and
(y, r) in S. Since (2, y) ∈ R and (y, q) ∈ S, the pair (2, q) is in S ∘ R. Since (2, y) ∈ R and (y, r) ∈
S, the pair (2, r) is in S ∘ R.

Consider the pair (3, z) from R. We look for elements in S that start with 'z'. We find (z, p) in S.
Since (3, z) ∈ R and (z, p) ∈ S, the pair (3, p) is in S ∘ R.

Therefore, the composition S ∘ R is {(1, p), (1, q), (1, r), (2, q), (2, r), (3, p)}.

Composition with Identity Relation
The identity relation on a set X, denoted I_X, is the set of all pairs (x, x) where x ∈ X. If R is a relation
from A to B, then:

I_B ∘ R = R



R ∘ I_A = R

This property is analogous to the identity element in multiplication, where multiplying by 1 does not
change the number.

Properties of Relation Composition

The composition of relations exhibits several important properties that are critical for further
mathematical analysis. These properties dictate how composed relations behave and how they
interact with other operations on relations.

Associativity
The composition of relations is associative. This means that if we have three relations, R from A to B,
S from B to C, and T from C to D, then the composition (T ∘ S) ∘ R is equal to T ∘ (S ∘ R). This property
is immensely useful as it allows us to group compositions in any order without altering the final result.

Formally, if R ⊆ A × B, S ⊆ B × C, and T ⊆ C × D, then (T ∘ S) ∘ R = T ∘ (S ∘ R).

Transitivity Inheritance
If both R and S are transitive relations, their composition S ∘ R is also transitive. This is a powerful
property, especially when dealing with chains of relations. For example, if R signifies "is a prerequisite
for" and S signifies "is taught by," and both are transitive, then the composition S ∘ R, which links
students to courses through prerequisites, would also be transitive.

If R is transitive and S is transitive, then S ∘ R is transitive.

Distributivity over Union
The composition of relations distributes over the union of relations. This means that if R, R₁ and R₂ are
relations such that R₁ and R₂ are from set A to B, and S is a relation from set B to set C, then S ∘ (R₁ ∪
R₂) = (S ∘ R₁) ∪ (S ∘ R₂). Similarly, if R is a relation from A to B, and S₁, S₂ are relations from B to C,
then (S₁ ∪ S₂) ∘ R = (S₁ ∘ R) ∪ (S₂ ∘ R).

Idempotence of the Identity Relation
The identity relation composed with itself results in the identity relation. For any set A, I_A ∘ I_A = I_A.

Reflexivity and Composition
If R is a reflexive relation on a set A, and S is a reflexive relation on the same set A, then R ∘ S and S ∘



R are also reflexive relations on A. This holds true because if (a, a) is in R and (a, a) is in S, then for
the composition, we need to find an intermediate 'b' such that (a, b) is in R and (b, a) is in S. For
reflexivity, if R is reflexive, then (a, a) ∈ R for all a ∈ A. If S is also reflexive, then (a, a) ∈ S for all a ∈
A. For S ∘ R, we need to check if (a, a) ∈ S ∘ R. This requires an intermediate 'b' such that (a, b) ∈ R
and (b, a) ∈ S. If we take b = a, and R and S are reflexive, then (a, a) ∈ R and (a, a) ∈ S. This implies
that (a, a) is in S ∘ R. Thus, S ∘ R is reflexive.

Applications of the Composition of Relations

The composition of relations is not merely an abstract mathematical concept; it has wide-ranging
practical applications in various fields, particularly in computer science and logic.

Database Theory
In relational databases, relationships between different tables are often represented using relations.
Querying these databases frequently involves combining information from multiple tables based on
these relationships. The composition of relations provides a formal mechanism for defining and
executing such multi-table joins and queries. For example, if we have a relation "Enrolled_In" linking
students to courses, and another relation "Has_Prerequisite" linking courses to other courses,
composing these relations can help answer questions like "Which students are enrolled in courses
that have a specific prerequisite course?"

Graph Theory
Graphs can be viewed as sets of vertices and edges, where the existence of an edge represents a
relation. The composition of relations is directly analogous to finding paths in a graph. If R represents
direct connections (edges) between vertices, then R ∘ R represents paths of length two, R ∘ R ∘ R
represents paths of length three, and so on. The transitive closure of a relation, which signifies
reachability between any two elements, is fundamentally built upon repeated composition.

Automata Theory and Formal Languages
In the study of finite automata and formal languages, relations are used to describe state transitions.
Composing these transition relations allows for the analysis of sequences of operations or states. For
instance, if a relation describes valid single-step transitions in a machine, composing it with itself
describes valid two-step transitions, and so on. This is crucial for understanding the language
recognized by an automaton.

Logic and Proof Systems
In formal logic, especially in the context of deductive systems, relations can represent logical
entailment or derivability. The composition of such relations allows for the construction of longer
proofs or the understanding of more complex dependencies. If relation P represents "statement A



implies statement B," and relation Q represents "statement B implies statement C," then Q ∘ P
represents "statement A implies statement C," mirroring the logical rule of hypothetical syllogism.

Algorithm Design
Understanding the composition of operations or states is vital in designing and analyzing algorithms.
For example, in scheduling algorithms or workflow management, composing relations that define task
dependencies or execution sequences is common.

The Composition of Relations and Function
Composition

There is a strong and important connection between the composition of relations and the composition
of functions. A function from set A to set B can be viewed as a special type of relation where each
element in the domain A is related to exactly one element in the codomain B. Specifically, if f: A → B is
a function, it can be represented as a relation R_f ⊆ A × B where R_f = {(a, f(a)) | a ∈ A}.

When we compose two functions, say f: A → B and g: B → C, their composition (g ∘ f): A → C is defined
by (g ∘ f)(a) = g(f(a)). If we consider the relations representing these functions, R_f and R_g, the
relation representing the composed function R_{g∘f} is precisely the composition of the relations R_g
∘ R_f.

The key difference lies in the uniqueness of the mapping. In relation composition, an element in the
domain can be related to multiple elements in the codomain through an intermediate element. For
functions, each domain element maps to only one codomain element. When composing functions, the
existence of a single intermediate mapping is guaranteed by the definition of a function. When
composing relations, we consider all possible intermediate mappings.

Functions as Special Cases of Relations
A function f: A → B is a relation R_f ⊆ A × B such that:

For every a ∈ A, there exists exactly one b ∈ B such that (a, b) ∈ R_f.

This property of "exactly one" is what distinguishes functions from general relations.

Composition of Relations vs. Composition of Functions
If R is a relation from A to B, and S is a relation from B to C, then S ∘ R is a relation from A to C.

If f is a function from A to B, and g is a function from B to C, then g ∘ f is a function from A to C.

The relation representing g ∘ f is exactly S ∘ R where S represents g and R represents f. However, if R



is not a function (i.e., an element in A maps to multiple elements in B), then S ∘ R might not be a
function, even if S is a function. This is because an element 'a' in A might be related to multiple 'b's by
R, and each of those 'b's might map to a single 'c' by S, resulting in 'a' being related to multiple 'c's by
S ∘ R.

Conclusion: The Enduring Significance of Relation
Composition

The composition of relations is a foundational concept in discrete mathematics with profound
implications across numerous disciplines. By enabling the combination and analysis of relationships
between elements of different sets, it provides a powerful tool for modeling and understanding
complex systems. From the intricate query languages of databases to the pathfinding algorithms in
graph theory and the state transitions in automata, the principles of relation composition are woven
into the fabric of modern computation and logic. Its properties, such as associativity and transitivity
inheritance, equip mathematicians and computer scientists with reliable methods for deduction and
manipulation. Understanding how to compose relations is not just about mastering a mathematical
operation; it's about acquiring a versatile lens through which to view and solve problems in diverse
computational and theoretical landscapes, underscoring its enduring significance.

Frequently Asked Questions

What is the definition of the composition of two relations?
The composition of two relations, say R on set A to B and S on set B to C, is a relation on A to C. It's
defined as R ∘ S = {(a, c) | there exists b ∈ B such that (a, b) ∈ R and (b, c) ∈ S}.

How is the composition of relations related to matrix
multiplication?
If relations are represented by their adjacency matrices, the composition of relations R (on A to B) and
S (on B to C) corresponds to the matrix product of the matrix for R and the matrix for S, using boolean
arithmetic (AND for multiplication, OR for addition).

What is the domain and codomain of the composition R ∘ S?
If R is a relation from A to B and S is a relation from B to C, then the composition R ∘ S is a relation
from A to C. The domain of R ∘ S is a subset of A and the codomain of R ∘ S is a subset of C.

Is the composition of relations associative? That is, is (R ∘ S) ∘
T = R ∘ (S ∘ T)?
Yes, the composition of relations is associative. For relations R (on A to B), S (on B to C), and T (on C
to D), the property (R ∘ S) ∘ T = R ∘ (S ∘ T) holds.



What happens when you compose a relation with itself? What
is R ∘ R?
R ∘ R, often denoted as R², is the composition of a relation R with itself. It contains pairs (a, c) if there
exists an element b such that (a, b) ∈ R and (b, c) ∈ R. This essentially represents paths of length 2 in
the directed graph of R.

How does the composition of relations relate to paths in a
graph?
If R is a relation on a set A, then R^n contains pairs (a, b) if there is a path of length exactly n from a
to b in the directed graph representing R. The composition is the mechanism for extending these
paths.

What is the identity relation, and how does it interact with
composition?
The identity relation on a set A, denoted by I_A, is {(a, a) | a ∈ A}. For any relation R from A to B, I_A
∘ R = R and R ∘ I_B = R.

What is the inverse of a composition of relations? (R ∘ S)⁻¹?
The inverse of a composition of relations is the composition of the inverses in reverse order: (R ∘ S)⁻¹
= S⁻¹ ∘ R⁻¹.

If R is a relation from A to A, what does R^n represent in
terms of graph paths?
If R is a relation from A to A, R^n (the composition of R with itself n times) represents the set of all
pairs (a, b) such that there is a path of length exactly n from a to b in the directed graph of R.

How can you determine if the composition R ∘ S is reflexive or
symmetric?
For R ∘ S to be reflexive (on domain A, assuming R is A to B, S is B to A), for every a in A, there must
be a b in B such that (a, b) in R and (b, a) in S. For R ∘ S to be symmetric, if (a, c) is in R ∘ S, then (c,
a) must also be in R ∘ S. This requires the existence of intermediate elements for both pairs.

Additional Resources
Here are 9 book titles related to the composition of relations in discrete mathematics, formatted as
requested:

1.



Discrete Mathematics and Its Applications
This foundational text provides a comprehensive introduction to discrete mathematics, covering
essential topics such as set theory, logic, functions, and relations. It delves into the properties and
operations of relations, including composition, illustrating their practical applications in computer
science and various fields. The book's clear explanations and numerous examples make it an
excellent resource for understanding the concept of relation composition within a broader
mathematical framework.

2.

Introduction to Discrete Mathematics for Computer Science
Designed for computer science students, this book emphasizes the practical use of discrete
mathematical concepts. It dedicates significant attention to relations, their representations (like
matrices and graphs), and the crucial operation of composition. The text explores how relation
composition is utilized in algorithms, data structures, and database theory, offering a solid
understanding of its computational relevance.

3.

Elements of Discrete Mathematics
This classic textbook offers a rigorous yet accessible exploration of discrete mathematical structures.
It systematically builds understanding of sets, functions, and relations, with a particular focus on the
formal definition and properties of relation composition. The book provides both theoretical
underpinnings and illustrative examples, making it suitable for students seeking a deep dive into the
subject.

4.

Discrete Mathematics with Graph Theory and Applications
Bridging the gap between abstract concepts and visual representations, this book explores discrete
mathematics through the lens of graph theory. It explains how relations can be modeled as edges in
graphs and how composition corresponds to pathfinding or transitive closure. This approach offers an
intuitive way to grasp relation composition and its implications in network analysis and algorithm
design.

5.

Foundations of Discrete Mathematics
This comprehensive volume lays a strong groundwork in discrete mathematical principles. It
thoroughly covers the theory of relations, including their different types and the mechanics of
composition. The book emphasizes logical reasoning and proofs, equipping readers with the analytical
skills necessary to work with and understand the properties of composed relations.

6.



A First Course in Discrete Mathematics
Tailored for introductory courses, this book presents discrete mathematics in a clear and engaging
manner. It introduces the concept of relation composition early on, explaining its definition and basic
properties with straightforward examples. The text aims to build student confidence in handling
abstract mathematical structures, making relation composition an approachable topic.

7.

Logic and Discrete Mathematics
This text highlights the interplay between logic and discrete mathematical structures. It frames the
study of relations and their composition within a logical framework, emphasizing the formal reasoning
involved. Readers will find explanations of how logical connectives and quantifiers relate to the
properties and manipulation of composed relations.

8.

Discrete Structures, Logic, and Computability
This book provides a broad overview of the fundamental concepts in discrete mathematics, with a
strong emphasis on their connection to computation. Relations and their composition are presented
as building blocks for more complex structures and algorithms. The text explores how these concepts
are used in areas like formal languages and automata theory, showcasing the practical utility of
relation composition.

9.

Graph Theory and Its Applications
While primarily focused on graph theory, this book often includes substantial sections on relations as
they are inherently linked to graph structures. It details how relation composition can be visualized
and analyzed through graph operations like paths and adjacency matrix multiplication. This
perspective offers a practical and often visual understanding of composition in action.
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