common laplace transforms

The Laplace transform is a powerful mathematical tool widely used in engineering, physics, and
applied mathematics to simplify the analysis of differential equations and system responses. At its
core, the Laplace transform converts a function of time, typically represented as $f(t)$, into a function
of a complex variable $s$, denoted as $F(s)$. This transformation is particularly useful because it
converts linear ordinary differential equations with constant coefficients into algebraic equations, which
are significantly easier to solve. Understanding common Laplace transforms is fundamental for anyone
working with dynamic systems, signal processing, control theory, and electrical circuit analysis. This
article will delve into the definition of the Laplace transform, explore its properties, and showcase a
comprehensive list of common Laplace transforms and their inverse counterparts, providing a solid

foundation for applying this indispensable mathematical technique.
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Introduction to the Laplace Transform

The realm of engineering and applied mathematics frequently involves the analysis of systems that
change over time. These dynamic systems are often described by differential equations, which can be
notoriously complex to solve directly in the time domain. This is where the Laplace transform emerges
as a supremely effective tool. By transforming a time-domain function into the frequency domain
(specifically, the s-domain), the Laplace transform simplifies many analytical processes. This article
provides a thorough exploration of the Laplace transform, focusing on its fundamental definition,

essential properties, and, most importantly, a catalog of commonly encountered Laplace transforms.



Understanding these common transforms is crucial for efficiently solving a wide array of problems in

fields such as electrical engineering, mechanical engineering, control theory, and signal processing.

What is the Laplace Transform?

The Laplace transform is a mathematical integral transform that maps a function $f(t)$ of a real
variable $t$ (often representing time) to a function $F(s)$ of a complex variable $s$. The variable $s$
is a complex number, usually expressed as $s = \sigma + jlomega$, where $\sigma$ is the real part
and $\omega$ is the imaginary part. The primary goal of the Laplace transform is to convert differential
equations into algebraic equations, which are generally much easier to manipulate and solve. The
transformation process involves an integral of the original function multiplied by a complex exponential
term, $e”{-st}$, integrated over the domain of $t$. This complex exponential term is key to its power,

allowing for a unified way to handle various types of functions and their derivatives.

The Bilateral and Unilateral Laplace Transform

There are two main forms of the Laplace transform: the bilateral (or two-sided) Laplace transform and
the unilateral (or one-sided) Laplace transform. The choice between them often depends on the nature

of the problem being solved.

Bilateral Laplace Transform

The bilateral Laplace transform is defined as:
$F(s) = \mathcal{L}\{f(t)\} = \int_{-\infty}*{\infty} f(t)e*{-st} dt$

This form is more general and considers the function $f(t)$ for all values of $t$, from negative infinity
to positive infinity. It is particularly useful for analyzing systems that have existed or will exist over an
extended period, including causal and non-causal systems. The region of convergence (ROC) is

crucial for the bilateral transform, as it determines the values of $s$ for which the integral converges.



Unilateral Laplace Transform

The unilateral Laplace transform is defined as:
$F(s) = \mathcal{L}\{f(t)\} = \int_{0}*{\infty} f(t)e*{-st} dt$

The unilateral Laplace transform is the more commonly used form in many engineering applications,
especially when dealing with initial conditions. It considers the function $f(t)$ only for $t \geq 0$. This
makes it particularly well-suited for solving initial value problems for linear differential equations with
constant coefficients, as the initial conditions at $t=0$ are naturally incorporated into the transform.
Most of the common Laplace transforms and their properties discussed in this article are based on the

unilateral definition.

Key Properties of the Laplace Transform

The utility of the Laplace transform is greatly enhanced by its set of fundamental properties. These
properties allow for efficient manipulation of transformed functions and provide shortcuts for solving
complex problems. Understanding these properties is essential for anyone aiming to master Laplace

transform techniques.

Linearity Property

The Laplace transform is a linear operator. This means that the transform of a linear combination of
functions is the linear combination of their individual transforms. For any constants $a$ and $b$, and

functions $f _1(t)$ and $f 2(t)$:

$\mathcal{L}\{a f_1(t) + b f_2(t)\} = a \mathcal{L}\{f_1(t)\} + b \mathcal{L}\{f 2(t)\} =a F_1(s) + b
F_2(s)$

This property is invaluable for breaking down complex functions into simpler, recognizable components

whose transforms are known.



Time Shifting Property

If the transform of $f(t)$ is $F(s)$, then the transform of $f(t-a)u(t-a)$ (where $u(t)$ is the unit step
function) is $e”{-as}F(s)$.

$\mathcal{L}\{f(t-a)u(t-a)\} = e*{-as}F(s)$, for $a > 0%

This property is useful for analyzing systems where a signal is delayed. The $u(t-a)$ term ensures that
the function is zero for $t < a$, which is consistent with the unilateral Laplace transform's domain of

integration.

Frequency Shifting Property

If the transform of $f(t)$ is $F(s)$, then the transform of $e”{at}f(t)$ is $F(s-a)$.
$\mathcal{L}\{eMat}f(t)\} = F(s-a)$

This property is often referred to as the "shifting in the s-domain" property and is crucial for analyzing

systems with exponential forcing functions or when dealing with the roots of characteristic equations.

Differentiation in the Time Domain

The Laplace transform of the derivative of a function $f(t)$ relates to the transform of $f(t)$ and its
initial value. For the first derivative:

$\mathcal{L}\{\frac{df(t){dt}\} = sF(s) - f(0)$

For the second derivative:

$\mathcal{L}\{\frac{d"2f(t){dt"2}\} = s"2F(s) - sf(0) - f'(0)$

In general, for the $n$-th derivative:

$\mathcal{L}\{\frac{d"nf(t)}{dt*n}\} = s*nF(s) - sNn-1}{(0) - sn-2}f'(0) - \dots - f{(n-1)}(0)$

These properties are fundamental to converting differential equations into algebraic equations.



Integration in the Time Domain

The Laplace transform of the integral of a function $f(t)$ is related to the transform of $f(t)$ by dividing
by $s$. Assuming $f(\tau)$ is integrated from $0$ to $t$:

$\mathcal{L}\{\int_{0}{t} f(\tau) d\tau\} = \frac{1}{s}F(s)$

This property is useful for solving integral equations or when dealing with systems that involve

integration.

Differentiation in the Frequency Domain

If the transform of $f(t)$ is $F(s)$, then the transform of $t f(t)$ is related to the derivative of $F(s)$
with respect to $s$.

$\mathcal{L}\{t f(t)\} = -\frac{d}ds}F(s)$

This property is particularly useful for finding the Laplace transforms of functions that involve

multiplication by $t$, such as the ramp function or damped oscillations with a multiplicative $t$ term.

Integration in the Frequency Domain

If the transform of $f(t)/t$ exists, then the transform of $f(t)/t$ is the integral of $F(s)$ with respect to
$s$ from $s$ to infinity.
$\mathcal{L}{\frac{f(t){t}\} = \int_{s}{\infty} F(\xi) d\xi$

This property is useful for finding Laplace transforms of functions that involve division by $t$, provided

the limit of $f(t)/t$ as $t \to 0% exists.

The Convolution Property

The convolution of two functions in the time domain corresponds to multiplication in the frequency

domain.



$\mathcal{LI(f g)(t)\} = \mathcal{L)\{\int_{0}{t} f(\tau)g(t-\tau) d\tau\} = F(s)G(s)$

This property is extremely important in system analysis, particularly for finding the output of a linear
time-invariant (LTI) system when the input and the system's impulse response are known. The inverse

transform of the product of two transforms gives the convolution of the original functions.

The Initial Value Theorem

The Initial Value Theorem allows us to find the value of $f(t)$ at $t=0%$ directly from its Laplace
transform $F(s)$, without needing to find the inverse transform first.

$f(0) = \lim_{s \to \infty} sF(s)$

This theorem is useful for checking the validity of a Laplace transform or for directly determining initial

conditions in circuit or system analysis.

The Final Value Theorem

The Final Value Theorem allows us to find the behavior of $f(t)$ as $t \to \infty$, provided that the limit
exists. This means that $f(t)$ must be a stable function, and the poles of $sF(s)$ must be in the left

half of the s-plane (except possibly for a single pole at $s=0%$ if $f(t)$ is constant).
$ \lim_{t \to \infty} f(t) = \lim_{s \to 0} sF(s)$

This theorem is widely used in control systems to determine the steady-state response of a system.

Common Laplace Transforms and Their Inverse Transforms

Memorizing or having a readily available table of common Laplace transforms is essential for efficient
problem-solving. Here, we present a selection of the most frequently encountered functions and their

corresponding Laplace transforms.



The Unit Step Function

The unit step function, denoted as $u(t)$ or $1(t)$, is defined as:
$u(t) = \begin{cases} 0 & t <0 \\ 1 & t \geq 0 \end{cases}$

Its Laplace transform is:

$\mathcal{L}{u(t)\} = \frac{1}{s}$

The inverse transform of $1/s$ is the unit step function.

The Exponential Function

Consider the function $f(t) = e*{-atju(t)$.
Its Laplace transform is:
$\mathcal{L}\{e*-at}u(t)\} = \frac{1}{s+a}$

This is a fundamental transform, often used in conjunction with the frequency shifting property.

The Sine Function

Consider the function $f(t) = \sin(\omega t)u(t)$.
Its Laplace transform is:
$\mathcal{L}\{\sin(\omega t)u(t)\} = \frac{\omega}{s*2 + \omega”2}$

This transform is vital for analyzing systems involving sinusoidal oscillations.

The Cosine Function

Consider the function $f(t) = \cos(\omega t)u(t)$.
Its Laplace transform is:

$\mathcal{L}\{\cos(\omega t)u(t)\} = \frac{s}{s"2 + \omega’2}$



Similar to the sine function, this is essential for oscillatory system analysis.

The Ramp Function

The ramp function is defined as $f(t) = tu(t)$.
Its Laplace transform is:
$\mathcal{L}\{tu(t)\} = \frac{1}{s"2}$

For a general ramp $f(t) = at u(t)$, the transform is $\frac{a}{s*2}$. Higher-order ramps $t*n u(t)$ have

transforms $\frac{n!'{s*{n+1}}$.

The Dirac Delta Function

The Dirac delta function, $\delta(t)$, is a generalized function often described as an impulse of infinite
amplitude and infinitesimal width at $t=0$, with a total area of one.

Its Laplace transform is:

$\mathcal{L}\{\delta(t)\} = 1$

This is one of the simplest yet most powerful transforms, representing an instantaneous input or

impulse.

The Damped Exponential Function

Consider the function $f(t) = e*-at}u(t)$. This was already covered, but it's worth reiterating due to its

commonality and the use of the frequency shifting property on the unit step.

$\mathcal{L}\{e -atju(t)\} = \frac{1}{s+a}$



The Damped Sine Function

Consider the function $f(t) = e*{-at}\sin(\omega t)u(t)$.

Using the frequency shifting property ($\mathcal{L}\{e*{at}f(t)\} = F(s-a)$) on $\mathcal{L}\{\sin(\omega

tu(t)\} = \frac{\omega}{s"2 + \omega’2}$, we replace $s$ with $s+a$:

$\mathcal{L}\{e*{-at}\sin(\omega t)u(t)\} = \frac{\omega}{(s+a)*2 + \omega”2}$

The Damped Cosine Function

Consider the function $f(t) = e*{-at}\cos(\omega t)u(t)$.

Using the frequency shifting property on $\mathcal{L}\{\cos(\omega t)u(t)\} = \frac{s}{s"2 + \omega’2}$,

we replace $s$ with $s+a$:

$\mathcal{L}\{e*{-at}\cos(\omega t)u(t)\} = \frac{s+a}{(s+a)"2 + \omega’2}$

The Unit Impulse Train

An impulse train consists of a series of Dirac delta functions spaced at regular intervals, typically $T$.
It is represented as $\sum_{n=-\infty}{\infty} \delta(t-nT)$.

The Laplace transform of an impulse train with period $T$ is:

$\mathcal{L}\{\sum_{n=-\infty}*{\infty} \delta(t-nT)\} = \frac{1 - eM-sT}}{1 - eM-sT}} = 1$ (if we consider a
single impulse or a specific window) is not entirely accurate for the sum over all n. A more accurate

representation for a train of impulses starting at t=0 with period T is $\sum_{n=0}*{\infty} \delta(t-nT)$

The Laplace transform of $\sum_{n=0}*{\infty} \delta(t-nT)$ is $\frac{1}{1-e{-sT}}$.

The Rectangular Pulse

A rectangular pulse of amplitude $A$ and duration $T$ starting at $t=0$ can be expressed as $f(t) =
Alu(t) - u(t-T)]$.



Using the linearity and time-shifting properties:
$\mathcal{L}{A[u(t) - u(t-T)\} = A\mathcal{L}\{u(t)\} - \mathcal{L}\{u(t-T)u(t-T)\}]$

$\mathcal{L}{A[u(t) - u(t-T)\} = A[\frac{1}s} - eM-sTNfrac{1}{s}] = \frac{A}s}(1 - e*-sT})$

The Signum Function

The signum function (or sign function), denoted as $sgn(t)$, is defined as:
$sgn(t) = \begin{cases} -1 &t <0\ 0 &t=0\1 &t > 0 \end{cases}$

For the unilateral Laplace transform, which considers $t \geq 0$, the function is effectively $u(t)$
(assuming $sgn(0)=09% or is ignored in the integral). However, if we consider $sgn(t)$ as $2u(t) - 1$ for

$t \geq 0% (excluding $t=0% where it's 0):
$\mathcal{L}\{sgn(t)u(t)\} = \mathcal{L}\{u(t)\} = \frac{1}{s}$

If $sgn(t)$ is considered for the bilateral transform, it is $2/s$ for Re(s)>0. For the unilateral context,
it's typically $1/s$ or simply $sgn(t)$ is not a standard unilateral transform input for many engineering

problems unless defined specifically with initial conditions.

Applications of Common Laplace Transforms

The power of these common Laplace transforms is evident in their widespread application across
various scientific and engineering disciplines. They provide efficient methods for solving complex

problems that would otherwise be intractable.

Solving Linear Ordinary Differential Equations

The most direct application of Laplace transforms is in solving linear ordinary differential equations
(LODEs) with constant coefficients. By transforming the differential equation into an algebraic equation
in the s-domain, applying the properties of Laplace transforms (especially differentiation), and then

using inverse Laplace transforms, one can find the solution $f(t)$.



Analyzing Electrical Circuits

In electrical engineering, Laplace transforms are indispensable for analyzing RLC circuits, transfer
functions of systems, and transient response. Components like resistors, inductors, and capacitors
have simple Laplace domain representations (R, sL, 1/sC), allowing circuit analysis to be performed

using algebraic methods.

Control Systems Design and Analysis

Control systems rely heavily on the Laplace transform to define system dynamics through transfer
functions. The stability, transient response, and steady-state behavior of control systems are readily
analyzed using Laplace domain techniques, including pole-zero analysis and frequency response

methods.

Signal Processing and System Identification

In signal processing, Laplace transforms are used for filter design, spectral analysis, and
understanding the behavior of signals. System identification, the process of determining a
mathematical model for a system from input-output data, often employs Laplace transform methods to

derive transfer functions.

Conclusion: Mastering Common Laplace Transforms

The common Laplace transforms form the bedrock of analysis for a vast array of dynamic systems and
problems encountered in engineering and physics. By converting differential equations into simpler
algebraic forms and providing tools to analyze system behavior in the frequency domain, the Laplace
transform significantly streamlines the problem-solving process. A solid understanding of the properties
of the Laplace transform, coupled with a familiarity with its most frequently used functions and their
corresponding transforms, empowers practitioners to effectively tackle challenges in areas ranging from

circuit analysis and control theory to signal processing and beyond. Continued practice and application



of these foundational concepts will solidify mastery of this indispensable mathematical technique.

Frequently Asked Questions

What is the Laplace transform of a constant function, f(t) = ¢?

The Laplace transform of f(t) = c is F(s) = c/s, where c is a constant.

What is the Laplace transform of the exponential function, f(t) =
e/(at)?

The Laplace transform of f(t) = e”(at) is F(s) = 1/(s - a), provided s > a.

What is the Laplace transform of the sine function, f(t) = sin(bt)?

The Laplace transform of f(t) = sin(bt) is F(s) = b/(s"2 + b*2), where b is a constant.

What is the Laplace transform of the cosine function, f(t) = cos(bt)?

The Laplace transform of f(t) = cos(bt) is F(s) = s/(s"2 + b*2), where b is a constant.

How does the first shifting theorem (frequency shift) affect the Laplace
transform?

The first shifting theorem states that if L{f(t)} = F(s), then L{e”(at)f(t)} = F(s - a).

How does the second shifting theorem (time shift) affect the Laplace
transform?

The second shifting theorem states that if L{f(t)} = F(s), then L{u(t-a)f(t-a)} = e”(-as)F(s), where u(t-a) is

the unit step function.



What is the Laplace transform of the derivative of a function, f'(t)?

The Laplace transform of f'(t) is L{f'(t)} = sF(s) - f(0), where F(s) is the Laplace transform of f(t) and (0)

is the initial value of f(t).

What is the Laplace transform of the integral of a function, integral

from O to t of f(tau) d(tau)?

The Laplace transform of the integral of f(t) from 0 to t is L{integral from 0 to t of f(tau) d(tau)} = F(s)/s,

where F(s) is the Laplace transform of f(t).

Additional Resources

Here are 9 book titles related to common Laplace transforms, each with a short description:

Laplace Transforms: A Foundation for Engineering Analysis

This foundational text introduces the Laplace transform as a powerful tool for solving linear ordinary
differential equations, widely used in electrical engineering and control systems. It covers the core

definitions, properties, and essential techniques for applying the transform to practical problems. The
book emphasizes the systematic approach to transforming differential equations into algebraic ones,

simplifying analysis and solution.

Engineering Mathematics: Volume Il - Differential Equations and

Transforms

This comprehensive volume delves into the application of integral transforms, with a significant portion

dedicated to the Laplace transform. It bridges the gap between theoretical concepts and their practical



implementation in engineering disciplines. Readers will find detailed examples illustrating how Laplace
transforms are used to model and solve transient phenomena in circuits, mechanical vibrations, and

more.

Transform Methods for Engineers and Scientists

This book offers a broad perspective on transform methods, providing a thorough treatment of the
Laplace transform alongside other integral transforms like Fourier transforms. It focuses on building an
intuitive understanding of how these mathematical tools simplify complex systems. The text includes
numerous case studies and solved problems across various engineering fields, demonstrating the

transform's versatility.

Applied Laplace Transform Techniques in Signal Processing

Specifically tailored for signal processing applications, this book highlights the efficiency of Laplace
transforms in analyzing linear time-invariant systems. It covers concepts such as transfer functions,
pole-zero analysis, and system stability from the Laplace domain perspective. The content is rich with

practical examples involving filtering, system response, and frequency domain analysis.

Control System Design: The Laplace Transform Approach

This essential resource for control engineers systematically explores the design and analysis of control
systems using Laplace transforms. It introduces concepts like block diagrams, feedback loops, and
stability criteria, all framed within the Laplace domain. The book guides readers through the process of

modeling physical systems and designing controllers for desired performance.



Differential Equations with Laplace Transforms: A Step-by-Step Guide

Designed for students and practitioners seeking clarity, this guide breaks down the process of solving
differential equations using Laplace transforms into manageable steps. It focuses on building a strong
understanding of the operational properties of the Laplace transform and their direct application to
various types of differential equations. The book’s pedagogical approach makes complex topics

accessible.

Advanced Topics in Laplace Transforms for Physicists

This book delves into more advanced applications and theoretical aspects of the Laplace transform
relevant to physics. It explores its use in solving partial differential equations, analyzing quantum
mechanical systems, and in statistical mechanics. The text is aimed at readers with a solid

mathematical background seeking to leverage Laplace transforms for cutting-edge research.

The Laplace Transform: Properties, Pairs, and Applications

This focused monograph provides an in-depth exploration of the Laplace transform, covering its
fundamental properties, a comprehensive catalog of common transform pairs, and diverse applications.
It serves as a valuable reference for those who need to quickly access and apply Laplace transform
techniques. The book aims to solidify the reader's grasp of the mathematical underpinnings and

practical utility.

Operational Calculus and the Laplace Transform

This classic text explores the broader field of operational calculus, with the Laplace transform as a
central theme. It connects the transform to the concept of operators and their role in solving differential

equations. The book offers a rigorous yet accessible introduction to how operational methods can



elegantly solve problems that might otherwise be intractable.
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