COLLEGE ALGEBRA GRAPHING TRANSFORMATIONS

MASTERING COLLEGE ALGEBRA GRAPHING TRANSFORMATIONS

COLLEGE ALGEBRA GRAPHING TRANSFORMATIONS IS A FUNDAMENTAL CONCEPT THAT UNLOCKS A DEEPER UNDERSTANDING OF
FUNCTIONS AND THEIR GRAPHICAL REPRESENTATIONS. BY LEARNING HOW TO MANIPULATE BASIC PARENT FUNCTIONS, YOU GAIN
THE POWER TO PREDICT AND SKETCH THE GRAPHS OF MORE COMPLEX EQUATIONS WITH CONFIDENCE. THIS ARTICLE WILL GUIDE
YOU THROUGH THE ESSENTIAL TECHNIQUES, FROM UNDERSTANDING THE IMPACT OF SHIFTS AND STRETCHES TO RECOGNIZING
REFLECTIONS AND THEIR ROLE IN FUNCTION ANALYSIS. WE'LL DELVE INTO VERTICAL AND HORIZONTAL TRANSFORMATIONS,
EXPLORE HOW CHANGES IN COEFFICIENTS AFFECT THE GRAPH, AND PROVIDE PRACTICAL INSIGHTS INTO APPLYING THESE
PRINCIPLES TO VARIOUS FUNCTION TYPES. GET READY TO TRANSFORM YOUR GRASP OF ALGEBRA!
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UNDERSTANDING PARENT FUNCTIONS: THE BUILDING BLOCKS

BEFORE WE CAN START TRANSFORMING FUNCTIONS, WE NEED A SOLID FOUNDATION IN WHAT ARE KNOWN AS “PARENT
FUNCTIONS.” THINK OF THESE AS THE SIMPLEST, MOST BASIC FORMS OF COMMON FUNCTION TYPES. THEY ARE THE STARTING
POINT FROM WHICH ALL OTHER, MORE COMPLICATED FUNCTIONS ARE DERIVED THROUGH VARIOUS TRANSFORMATIONS.
FAMILIARIZING YOURSELF WITH THE GRAPHS AND PROPERTIES OF THESE PARENT FUNCTIONS IS ABSOLUTELY CRUCIAL. WITHOUT
KNOWING WHAT THE ORIGINAL LOOKS LIKE, IT'S IMPOSSIBLE TO TELL HOW IT HAS CHANGED.

SOME OF THE MOST COMMON PARENT FUNCTIONS YOU'LL ENCOUNTER IN COLLEGE ALGEBRA INCLUDE THE LINEAR FUNCTION,
$F(x) = x$, THE QUADRATIC FUNCTION, $F(X) = X" 2%, THE CUBIC FUNCTION, $F(X) = X" 3%, THE SQUARE ROOT FUNCTION,
$F(x) = \sQrT{x}$, AND THE ABSOLUTE VALUE FUNCTION, $F(x) = |X|$. EACH OF THESE HAS A UNIQUE SHAPE AND
CHARACTERISTICS. FOR EXAMPLE, $F(X) = X$ IS A STRAIGHT LINE PASSING THROUGH THE ORIGIN WITH A SLOPE OF 1. THE
QUADRATIC FUNCTION $F(X) = X" 2% FORMS A U-SHAPED PARABOLA SYMMETRIC ABOUT THE Y-AXIS, ALSO WITH ITS VERTEX
AT THE ORIGIN. RECOGNIZING THESE FOUNDATIONAL SHAPES IS THE FIRST STEP IN MASTERING TRANSFORMATIONS.

THE LINEAR PARENT FUNCTION

THE LINEAR PARENT FUNCTION, $F(X) = X$, IS PERHAPS THE SIMPLEST. ITS GRAPH IS A STRAIGHT LINE THAT GOES THROUGH THE
orIGIN (0,0) WITH A SLOPE OF 1. FOR EVERY ONE UNIT YOU MOVE TO THE RIGHT ON THE X-AXIS, YOU MOVE ONE UNIT UP ON
THE Y-AXIS. THIS PREDICTABLE, STEADY GROWTH MAKES IT A FUNDAMENT AL REFERENCE POINT FOR UNDERSTANDING STEEPER OR
FLATTER LINES, AS WELL AS LINES THAT ARE SHIFTED.

THe QUADRATIC PARENT FUNCTION

THE QUADRATIC PARENT FUNCTION, $F(X) = X" 2%, IS ICONIC FOR ITS PARABOLIC SHAPE. IT'S A U-SHAPED CURVE, SYMMETRIC
WITH RESPECT TO THE Y-AXIS, AND ITS LOWEST POINT (THE VERTEX) IS AT THE ORIGIN (O,0). BECAUSE SQUARING A
NEGATIVE NUMBER RESULTS IN A POSITIVE NUMBER, THE GRAPH IS THE SAME FOR POSITIVE AND NEGATIVE X-VALUES, LEADING TO



THIS SYMMETRY. UNDERSTANDING HOW THIS U-SHAPE CAN BE MOVED, STRETCHED, OR FLIPPED IS CENTRAL TO MANY ALGEBRA
PROBLEMS.

OTHerR KEY PARENT FUNCTIONS

BEYOND LINEAR AND QUADRATIC, YOU'LL ALSO WORK WITH FUNCTIONS LIKE THE CUBIC FUNCTION, $F(x) = X" 3%, WHICH HAS
AN ”S” SHAPE AND PASSES THROUGH THE ORIGIN. THE SQUARE ROOT FUNCTION, $F(x) = \SQrRT{x}$, STARTS AT THE ORIGIN
AND CURVES UPWARDS AND TO THE RIGHT. THE ABSOLUTE VALUE FUNCTION, $F(x) = [x|$, FORMS A V/-SHAPE WITH ITS
VERTEX AT THE ORIGIN. EACH OF THESE PARENT FUNCTIONS SERVES AS A DISTINCT BLUEPRINT, AND TRANSFORMATIONS ALLOW
US TO CREATE A VAST LIBRARY OF RELATED GRAPHS FROM THESE BASIC TEMPLATES.

VERTICAL TRANSFORMATIONS: SHIFTING AND STRETCHING UP or DowN

VERTICAL TRANSFORMATIONS INVOLVE ALTERING THE OUTPUT OF A FUNCTION, ESSENTIALLY CHANGING ITS Y-VALUES. THESE
TRANSFORMATIONS CAN EITHER SHIFT THE ENTIRE GRAPH UP OR DOWN, OR THEY CAN STRETCH OR COMPRESS IT VERTICALLY.
THE KEY TO RECOGNIZING VERTICAL TRANSFORMATIONS LIES IN WHERE THE CHANGE OCCURS WITHIN THE FUNCTION'S NOTATION.
IF YOU SEE A MODIFICATION OUTSIDE OF THE PARENTHESES (OR THE ARGUMENT OF THE FUNCTION), IT'S LIKELY A VERTICAL
TRANSFORMATION.

LET'S CONSIDER A PARENT FUNCTION, $F(x)$. A VERTICAL SHIFT IS REPRESENTED BY ADDING OR SUBTRACTING A CONSTANT
VALUE, $k$, TO THE FUNCTION: $G(x) = F(X) + k$. IF $k$ IS POSITIVE, THE GRAPH OF $G(X)$ SHIFTS UPWARD $k$ UNITS
COMPARED TO THE GRAPH OF $F(x)$. CONVERSELY, IF $k$ IS NEGATIVE, THE GRAPH SHIFTS DOWNWARD $[k|$ UNITS. FOR
EXAMPLE, IF YOU HAVE $F(X) = X" 2% AND YOU CONSIDER $G(x) = x"2 + 3%, THE GRAPH OF $G(X)$ IS THE SAME PARABOLA
AS $F(x)$ BUT MOVED 3 UNITS UP. SIMILARLY, $H(X) = X2 - 2% WOULD BE THE PARABOLA SHIFTED 2 UNITS DOWN.

VERTICAL SHIFTS: Up AND DOWN

THE SIMPLEST VERTICAL TRANSFORMATION IS A SHIFT. WHEN YOU ADD A CONSTANT $k$ TO A FUNCTION, YOU'RE
ESSENTIALLY ADDING $k$ TO EVERY Y-VALUE PRODUCED BY THAT FUNCTION. |F $k > 0%, THE ENTIRE GRAPH MOVES UP. IF $k <
0$, IT MOVES DOWN. |T'S LIKE TAKING A DRAWING AND SLIDING IT UP OR DOWN ON YOUR PAPER WITHOUT CHANGING ITS SIZE
OR ORIENTATION. THE VERTEX OF A PARABOLA, FOR INSTANCE, WILL DIRECTLY REFLECT THIS VERTICAL MOVEMENT.

VERTICAL STRETCHES AND COMPRESSIONS

VERTICAL STRETCHES AND COMPRESSIONS OCCUR WHEN YOU MULTIPLY THE FUNCTION BY A CONSTANT, $A%. THIS IS
REPRESENTED AS $G(x) = A \cpoT F(x)$. IF $|al > 1$, THE GRAPH IS STRETCHED VERTICALLY, MEANING IT BECOMES NARROWER
OR TALLER. IF $0 < |a| < 1%, THE GRAPH IS COMPRESSED VERTICALLY, MAKING IT WIDER OR SHORTER. FOR INSTANCE, CONSIDER
$F(x) = x"2%. THE FUNCTION $6(x) = 2x"2% WILL BE A VERTICALLY STRETCHED VERSION OF $F(X)$, APPEARING
NARROWER. ON THE OTHER HAND, $H(x) = \FRAC{ TH 2}x"2$ WILL BE A VERTICALLY COMPRESSED VERSION, APPEARING

W IDER.

THe RoLe oF THE COEFFICIENT ‘A’

THE COEFFICIENT $A% IN $6(X) = A \cDOT F(X)$ DICTATES NOT ONLY THE STRETCH OR COMPRESSION BUT ALSO WHETHER
THERE'S A REFLECTION. IF $A$ IS NEGATIVE, THE GRAPH IS REFLECTED ACROSS THE X-AXIS IN ADDITION TO ANY STRETCHING OR
COMPRESSING. FOR EXAMPLE, $G(X) = -2x"2$ IS A VERTICALLY STRETCHED AND REFLECTED VERSION OF $F(x) = x"2%. IT
WILL BE NARROWER AND OPEN DOWNW ARDS, FORMING AN INVERTED U-SHAPE.



HoRriZONTAL TRANSFORMATIONS: SHIFTING AND STRETCHING LEFT OR RIGHT

HORIZONTAL TRANSFORMATIONS AFFECT THE INPUT OF A FUNCTION, ESSENTIALLY CHANGING ITS X-VALUES BEFORE THEY ARE
PROCESSED BY THE FUNCTION. THESE TRANSFORMATIONS CAN SHIFT THE GRAPH LEFT OR RIGHT, OR STRETCH OR COMPRESS IT
HORIZONTALLY. THE KEY IDENTIFIER FOR HORIZONTAL TRANSFORMATIONS IS WHEN THE CHANGE HAPPENS INSIDE THE
PARENTHESES, DIRECTLY AFFECTING THE ARGUMENT OF THE FUNCTION. THIS IS WHERE STUDENTS OFTEN FIND THEMSELVES MAKING
MISTAKES BECAUSE THE DIRECTION OF THE SHIFT CAN FEEL COUNTERINTUITIVE.

CONSIDER A PARENT FUNCTION, $F(X)$. A HORIZONTAL SHIFT IS REPRESENTED BY ADDING OR SUBTRACTING A CONSTANT
VALUE, $H$, FROM THE INPUT VARIABLE: $G(x) = F(X - H)$. THIS IS WHERE IT GETS A LITTLE TRICKY: IF $H$ IS POSITIVE, THE
GRAPH SHIFTS TO THE RIGHT BY $H$ UNITS. IF $H$ IS NEGATIVE (MEANING YOU HAVE $F(x - (-H))$ OR $F(x+H)$), THE GRAPH
SHIFTS TO THE LEFT BY $[HI$ UNITS. SO, FOR $F(X) = X" 2%, THE FUNCTION $6(X) = (X - 3)"2$ SHIFTS THE PARABOLA 3
UNITS TO THE RIGHT, WHILE $H(x) = (x + 2)"2$ SHIFTS IT 2 UNITS TO THE LEFT.

HoRIZONTAL SHIFTS: LEFT AND RIGHT

\WHEN YOU SEE A CONSTANT ADDED OR SUBTRACTED INSIDE THE FUNCTION'S ARGUMENT, LIKE IN $F(X - H)$, YOU'RE LOOKING
AT A HORIZONTAL SHIFT. REMEMBER THE RULE: $X-H$ MEANS SHIFT RIGHT BY $H$, AND $x+H$ (WHICH IS $x - (-H)$) MEANS
SHIFT LEFT BY $H$. IT'S LIKE ADJUSTING THE X-AXIS ITSELF RELATIVE TO THE FUNCTION'S CORE SHAPE. IMAGINE YOU HAVE A
FIXED DRAWING OF A PARABOLA AND YOU'RE MOVING THE ORIGIN OF YOUR COORDINATE SYSTEM LEFT OR RIGHT TO SEE HOW
THE PARABOLA ALIGNS.

HoRrIzoNTAL STRETCHES AND COMPRESSIONS

HORIZONTAL STRETCHES AND COMPRESSIONS ARE ACHIEVED BY MULTIPLYING THE INPUT VARIABLE $X$ BY A CONSTANT, $8%.
THIS 1S WRITTEN AS $6(x) = F(Bx)$. IF $0 < [8] < 1%, THE GRAPH IS STRETCHED HORIZONTALLY, MAKING IT WIDER. |F $[g| >
1$, THE GRAPH IS COMPRESSED HORIZONTALLY, MAKING IT NARROWER. FOR EXAMPLE, IF $F(x) = X" 2%, THEN $6(x) =
(\FRAC{ 1}{2}x)" 2% REPRESENTS A HORIZONTAL STRETCH BY A FACTOR OF 2, MAKING THE PARABOLA WIDER. CONVERSELY,
$H(x) = (2x)"2% WOULD BE A HORIZONTAL COMPRESSION, MAKING THE PARABOLA NARROWER.

THe EFFecT oF ‘B’ ON THE GRAPH

THE COEFFICIENT $8% IN $G(x) = F(BX)$ CONTROLS THE HORIZONTAL STRETCHING OR COMPRESSION. SIMILAR TO VERTICAL
TRANSFORMATIONS, A NEGATIVE VALUE OF $8% ALSO INTRODUCES A REFLECTION. HOWEVER, A HORIZONTAL REFLECTION IS
ACROSS THE Y-AXIS. FOR INSTANCE, IF $F(x) = X" 2%, THE FUNCTION $G(x) = (-x)"2% IS A HORIZONTAL REFLECTION ACROSS
THE Y-AXIS. SINCE SQUARING A NEGATIVE NUMBER YIELDS THE SAME RESULT AS SQUARING ITS POSITIVE COUNTERPART, $(-
x)"2 = x"2%, THIS PARTICULAR TRANSFORMATION RESULTS IN THE SAME GRAPH AS THE ORIGINAL PARENT FUNCTION. THIS
HIGHLIGHTS HOW DIFFERENT TRANSFORMATIONS CAN SOMETIMES LEAD TO IDENTICAL OUTCOMES.

ReFLECTIONS: FLIPPING GRAPHS ACROSS AXES

REFLECTIONS ARE A TYPE OF TRANSFORMATION THAT FLIPS A GRAPH ACROSS AN AXIS. THIS EFFECTIVELY CREATES A MIRROR
IMAGE OF THE ORIGINAL FUNCTION. THERE ARE TWO PRIMARY TYPES OF REFLECTIONS WE DEAL WITH: REFLECTION ACROSS THE
X-AXIS AND REFLECTION ACROSS THE Y-AXIS. UUNDERSTANDING WHEN AND HOW THESE OCCUR IS VITAL FOR ACCURATELY
SKETCHING GRAPHS AND ANALYZING FUNCTION BEHAVIOR.

A REFLECTION ACROSS THE X~AXIS OCCURS WHEN THE ENTIRE FUNCTION'S OUTPUT IS NEGATED. THIS IS REPRESENTED BY $G(X)
= -F(x)$. FOR EVERY POSITIVE Y-VALUE IN $F(x)$, $G(X)$ WILL HAVE A CORRESPONDING NEGATIVE Y-VALUE, AND VICE-
VERSA. VISUALLY, THIS FLIPS THE GRAPH UPSIDE DOWN. FOR EXAMPLE, IF $F(x) = X" 2%, THEN $6(X) = -X"2% IS THE
PARABOLA OPENING DOWNW ARDS.



A REFLECTION ACROSS THE Y~AXIS HAPPENS WHEN THE INPUT TO THE FUNCTION IS NEGATED, LEADING TO $G(x) = F(-x)$. THIS
MEANS THAT FOR ANY GIVEN X-VALUE, THE Y-VALUE OF $G(X)$ IS THE SAME AS THE Y-VALUE OF $F(X)$ AT ITS OPPOSITE
(NEGATIVE) X-VALUE. THIS FLIPS THE GRAPH HORIZONTALLY. FOR $F(x) = X" 2%, $6(x) = (-x)"2$ RESULTS IN THE SAME
GRAPH BECAUSE $x"2 = (-x)"2$. HOWEVER, FOR AN ASYMMETRICAL FUNCTION LIKE $F(x) = x"3%, $6(x) = (-x)"3 = -
x"3%, WHICH IS A REFLECTION ACROSS THE Y-AXIS (AND ALSO THE X-AXIS, IN THIS SPECIFIC CASE, DUE TO ITS ODD
SYMMETRY).

REFLECTION ACROSS THE X-AXIS

W/HEN YOU SEE A NEGATIVE SIGN PLACED DIRECTLY IN FRONT OF THE ENTIRE FUNCTION, LIKE $G(X) = ‘F(X)$, YOU ARE
PERFORMING A REFLECTION ACROSS THE X-AXIS. IMAGINE FOLDING YOUR GRAPH PAPER ALONG THE X~AXIS; THE REFLECTED GRAPH
WOULD LIE EXACTLY WHERE THE ORIGINAL WAS, BUT FLIPPED. THIS IS A POWERFUL WAY TO UNDERSTAND HOW A FUNCTION
BEHAVES WHEN ITS OUTPUTS ARE INVERTED. FOR EXAMPLE, IF A FUNCTION NORMALLY INCREASES, AFTER AN X~-AXIS REFLECTION,
IT WILL DECREASE OVER THE SAME INTERVAL.

REFLECTION ACROSS THE Y-AXIS

A REFLECTION ACROSS THE Y-AXIS IS INDICATED BY REPLACING $X$ WITH $-X$ INSIDE THE FUNCTION, AS IN $G(x) = F(-x)$.
THIS MIRRORS THE GRAPH HORIZONTALLY. IF A POINT $(A, B)$ IS ON THE GRAPH OF $F(X)$, THEN THE POINT $(-A, B)$ WILL BE
ON THE GRAPH OF $G(x)$. THIS TRANSFORMATION IS PARTICULARLY INTERESTING WHEN DEALING WITH EVEN AND ODD
FUNCTIONS. EVEN FUNCTIONS, WHERE $F(-X) = F(X)$, ARE SYMMETRIC ABOUT THE Y-AXIS, SO A Y-AXIS REFLECTION LEAVES
THEM UNCHANGED. ODD FUNCTIONS, WHERE $F(-X) = -F(X)$, ARE SYMMETRIC ABOUT THE ORIGIN, AND A Y-AXIS REFLECTION
RESULTS IN A SIGN CHANGE FOR THE FUNCTION'S OUTPUT.

CoMBINING TRANSFORMATIONS: THE FuLL PICTURE

IN COLLEGE ALGEBRA, YOU RARELY ENCOUNTER JUST ONE TRANSFORMATION AT A TIME. THE TRUE POWER OF UNDERSTANDING
GRAPHING TRANSFORMATIONS COMES INTO PLAY WHEN YOU LEARN TO COMBINE THEM. BY APPLYING A SEQUENCE OF SHIFTS,
STRETCHES, COMPRESSIONS, AND REFLECTIONS, YOU CAN CONSTRUCT HIGHLY COMPLEX FUNCTION GRAPHS STARTING FROM
SIMPLE PARENT FUNCTIONS. THE ORDER IN WHICH YOU APPLY THESE TRANSFORMATIONS IS CRUCIAL FOR ACHIEVING THE CORRECT
FINAL GRAPH.

A GENERAL FORM THAT INCORPORATES MOST TRANSFORMATIONS IS $G(x) = A \cpoT F(8(x - H)) + k$. LET'S BREAK DOWN
THE TYPICAL ORDER OF OPERATIONS FOR APPLYING THESE TRANSFORMATIONS:

1. PERFORM HORIZONTAL STRETCHES/COMPRESSIONS (RELATED TO $B8$) AND REFLECTIONS ACROSS THE Y-AxIS (IF $B% IS
NEGATIVE).

2. PERFORM HORIZONTAL SHIFTS (RELATED TO $H$).

3. PERFORM VERTICAL STRETCHES/COMPRESSIONS (RELATED TO $A%$) AND REFLECTIONS ACROSS THE X-AXIS (IF $A$ IS
NEGATIVE).

4. PERFORM VERTICAL SHIFTS (RELATED TO $k$).

FOLLOWING THIS ORDER ENSURES THAT THE TRANSFORMATIONS ARE APPLIED CORRECTLY RELATIVE TO EACH OTHER. FOR
INSTANCE, IF YOU HAVE $G(x) = -2(x - 1)"*2 + 3%, YOU WOULD FIRST CONSIDER THE PARENT FUNCTION $F(x) = x"2$%.
THEN, YOU WOULD STRETCH IT VERTICALLY BY A FACTOR OF 2, REFLECT IT ACROSS THE X~-AXIS (DUE TO THE =2), SHIFT IT ]
UNIT TO THE RIGHT (DUE TO $X-1%$), AND FINALLY SHIFT IT 3 UNITS UP (DUE TO +3).



ORDER OF OPERATIONS FOR TRANSFORMATIONS

THE ORDER IN WHICH YOU APPLY TRANSFORMATIONS MATTERS IMMENSELY. THINK OF IT LIKE BAKING A CAKE: YOU CAN,TJUST
THROW ALL THE INGREDIENTS IN THE OVEN AT ONCE. YOU NEED TO MIX THE DRY INGREDIENTS, THEN ADD THE WET INGREDIENTS,
THEN BAKE. SIMILARLY/ WITH TRANSFORMATIONS, IT'S BEST TO HANDLE HORIZONTAL CHANGES FIRST, THEN VERTICAL CHANGES.
THIS SYSTEMATIC APPROACH PREVENTS ERRORS AND ENSURES THAT THE FINAL GRAPH ACCURATELY REPRESENTS THE
TRANSFORMED FUNCTION. THIS IS A CRITICAL POINT THAT MANY STUDENTS STRUGGLE WITH INITIALLY.

ExAMPLE: COMBINING MULTIPLE TRANSFORMATIONS

LET'S TAKE THE EXAMPLE $G(X) = 3F(x+2) - 1%, WHERE $F(X)$ IS THE PARENT FUNCTION $F(x) = [x|$.

FIRST, WE HAVE $F(x+2)%$. THIS IS A HORIZONTAL SHIFT TO THE LEFT BY 2 UNITS.

NexT, WE HAVE $3F(x+2)$. THIS IS A VERTICAL STRETCH BY A FACTOR OF 3.

FINALLY, WE HAVE $3F(x+2) - 1$. THIS IS A VERTICAL SHIFT DOWN BY 1 UNIT.

So, THE GRAPH OF $G(X)$ IS THE V-SHAPED GRAPH OF $F(X) = |X|$, SHIFTED 2 UNITS LEFT, STRETCHED VERTICALLY BY A
FACTOR OF 3, AND THEN SHIFTED 1 UNIT DOWN.

TRANSFORMATIONS oF COMMON FUNCTIONS

\WHILE WE'VE USED THE QUADRATIC AND ABSOLUTE VALUE FUNCTIONS AS EXAMPLES, THE PRINCIPLES OF GRAPHING
TRANSFORMATIONS APPLY TO VIRTUALLY ANY FUNCTION YOU ENCOUNTER IN COLLEGE ALGEBRA. THIS INCLUDES RATIONAL
FUNCTIONS, EXPONENTIAL FUNCTIONS, LOGARITHMIC FUNCTIONS, AND TRIGONOMETRIC FUNCTIONS. THE ABILITY TO RECOGNIZE
HOW A GIVEN FUNCTION RELATES TO ITS PARENT FUNCTION AND APPLY THE CORRECT TRANSFORMATIONS IS A HALLMARK OF
ADVANCED ALGEBRAIC UNDERSTANDING.

FOR INSTANCE, CONSIDER THE EXPONENTIAL FUNCTION $F(X) = E"Xx$. A TRANSFORMED FUNCTION LIKE $G(x) = -2 {(x+1)} +
3% CAN BE ANALYZED STEP-BY-STEP. THE PARENT FUNCTION IS $£"Xx$. THE $(x+1)$ INSIDE THE EXPONENT INDICATES A
HORIZONTAL SHIFT 1 UNIT TO THE LEFT. THE $-2% IN FRONT SIGNIFIES A VERTICAL STRETCH BY A FACTOR OF 2 AND A
REFLECTION ACROSS THE X-AXIS. FINALLY, THE $+3% INDICATES A VERTICAL SHIFT 3 UNITS UP. BY BREAKING DOWN THE
COMPLEX FUNCTION INTO ITS CONSTITUENT PARTS, WE CAN METICULOUSLY SKETCH ITS GRAPH.

APPLYING TRANSFORMATIONS TO DIFFERENT FUNCTION TYPES

THE BEAUTY OF MASTERING TRANSFORMATIONS IS THEIR UNIVERSALITY. WHETHER YOU'RE DEALING WITH POLYNOMIALS,
RADICALS, EXPONENTIALS, OR LOGS, THE RULES REMAIN THE SAME. YOU ALWAYS IDENTIFY THE BASIC PARENT FUNCTION, AND
THEN YOU APPLY THE SHIFTS, STRETCHES, COMPRESSIONS, AND REFLECTIONS BASED ON THE STRUCTURE OF THE TRANSFORMED
EQUATION. THIS MAKES LEARNING NEW FUNCTIONS MUCH MORE MANAGEABLE BECAUSE YOU'RE NOT STARTING FROM SCRATCH
EACH TIME, YOU'RE BUILDING UPON A SOLID FOUNDATION OF TRANSFORMATION RULES.

RATIONAL FUNCTIONS AND TRANSFORMATIONS

RATIONAL FUNCTIONS, WHICH ARE RATIOS OF POLYNOMIALS, OFTEN HAVE ASYMPTOTES. TRANSFORMATIONS CAN SHIFT THESE
ASYMPTOTES AS WELL AS CHANGE THE SHAPE OF THE CURVE. FOR EXAMPLE, TRANSFORMING $F(x) = \FRAC{ 1H{x}$ (WHicH
HAS A VERTICAL ASYMPTOTE AT $x=0% AND A HORIZONTAL ASYMPTOTE AT $v=0%) INTo $6(x) = \rrac{ 1}{x-23} + 3%
RESULTS IN A NEW GRAPH WITH A VERTICAL ASYMPTOTE AT $X=2% AND A HORIZONTAL ASYMPTOTE AT $Y=3%. THIS IS A
DIRECT CONSEQUENCE OF SHIFTING THE PARENT FUNCTION 2 UNITS RIGHT AND 3 UNITS UP.



REAL-\WORLD APPLICATIONS OF GRAPHING TRANSFORMATIONS

Y OU MIGHT BE W ONDERING, “\WHy DO | NEED TO KNOW ALL THIS ABOUT SHIFTING AND STRETCHING GRAPHS?” THE TRUTH IS,
GRAPHING TRANSFORMATIONS ARE NOT JUST ABSTRACT MATHEMATICAL CONCEPTS, THEY HAVE PRACTICAL APPLICATIONS IN
VARIOUS FIELDS. \WHENEVER PHENOMENA CAN BE MODELED BY MATHEMATICAL FUNCTIONS, UNDERSTANDING HOW TO MODIFY AND
INTERPRET THOSE FUNCTIONS THROUGH TRANSFORMATIONS BECOMES INCREDIBLY VALUABLE.

IN PHYSICS, FOR EXAMPLE, UNDERSTANDING PROJECTILE MOTION OR WAVE BEHAVIOR OFTEN INVOLVES FUNCTIONS THAT ARE
TRANSFORMATIONS OF BASIC FORMS. IN ECONOMICS, MODELS FOR SUPPLY AND DEMAND MIGHT BE REPRESENTED BY TRANSFORMED
FUNCTIONS, WHERE SHIFTS CAN INDICATE CHANGES IN MARKET CONDITIONS. EVEN IN COMPUTER GRAPHICS AND ANIMATION,
TRANSFORMATIONS ARE USED TO MANIPULATE OBJECTS AND CREATE DYNAMIC VISUAL EFFECTS. BY MASTERING GRAPHING
TRANSFORMATIONS, YOU GAIN A POWERFUL TOOL FOR ANALYZING AND PREDICTING BEHAVIOR IN THE WORLD AROUND YOU.

MoDELING DATA AND PHENOMENA

\W/HEN SCIENTISTS COLLECT DATA, THEY OFTEN TRY TO FIT IT TO KNOWN FUNCTION MODELS. IF THE BEST-FIT MODEL ISN'T A
PERFECT MATCH FOR A BASIC PARENT FUNCTION, TRANSFORMATIONS CAN OFTEN BRIDGE THE GAP. For INSTANCE, IF A
POPULATION GROW TH MODEL FOLLOWS AN EXPONENTIAL CURVE BUT STARTS AT A DIFFERENT INITIAL VALUE OR GROWS AT A
DIFFERENT RATE, IT CAN BE REPRESENTED BY A TRANSFORMED EXPONENTIAL FUNCTION. THIS ALLOWS FOR MORE ACCURATE
PREDICTIONS AND DEEPER INSIGHTS INTO THE UNDERLYING PROCESSES.

UNDERSTANDING CHANGES AND TRENDS

TRANSFORMATIONS ARE EXCELLENT FOR VISUALIZING AND UNDERSTANDING CHANGES OVER TIME OR UNDER DIFFERENT
CONDITIONS. A SHIFT TO THE RIGHT ON A TIME-SERIES GRAPH MIGHT REPRESENT A DELAY IN A PROCESS. A VERTICAL STRETCH
COULD INDICATE AN INCREASED RATE OF CHANGE. BY RECOGNIZING THESE GRAPHICAL ALTERATIONS, YOU CAN QUICKLY GRASP
THE IMPLICATIONS OF MODIFICATIONS TO A MODEL, WHETHER IT'S IN FINANCE, BIOLOGY, OR ENGINEERING. IT's A VISUAL
LANGUAGE FOR UNDERSTANDING HOW SYSTEMS RESPOND TO DIFFERENT FACTORS.

Q: WHAT IS THE MOST COMMON MISTAKE STUDENTS MAKE WHEN LEARNING ABOUT
GRAPHING TRANSFORMATIONS?

A: THE MOST COMMON MISTAKE IS WITH HORIZONTAL SHIFTS. STUDENTS OFTEN FORGET THAT $F(X-H)$ SHIFTS THE GRAPH TO
THE RIGHT BY $H$ UNITS, AND $F(X+H)$ SHIFTS IT TO THE LEFT BY $H$ UNITS. THIS IS BECAUSE THE CHANGE IS HAPPENING TO
THE INPUT ($X$), AND TO KEEP THE OUTPUT THE SAME, $X$ MUST CHANGE IN THE OPPOSITE DIRECTION OF THE INTENDED SHIFT.

QI How DOES THE ORDER OF TRANSFORMATIONS AFFECT THE FINAL GRAPH?

A: THE ORDER OF TRANSFORMATIONS IS CRITICAL. GENERALLY, YOU APPLY HORIZONTAL TRANSFORMATIONS (STRETCHES,
COMPRESSIONS, SHIFTS, REFLECTIONS) FIRST, THEN VERTICAL TRANSFORMATIONS (STRETCHES/ COMPRESSIONS, SHIFTS,
REFLECTIONS). IF YOU WERE TO APPLY A VERTICAL SHIFT BEFORE A VERTICAL STRETCH, FOR EXAMPLE, THE VERTICAL SHIFT
WOULD ALSO BE STRETCHED, LEADING TO AN INCORRECT FINAL GRAPH.

Q: WHAT IS THE DIFFERENCE BETWEEN A VERTICAL STRETCH AND A HORIZONTAL
STRETCH?

A: A VERTICAL STRETCH, REPRESENTED BY $G(Xx) = A \cDOT F(x)$ WHERE $|A| > 1%, MAKES THE GRAPH APPEAR NARROWER
OR TALLER BY MULTIPLYING THE Y-VALUES. A HORIZONTAL STRETCH, REPRESENTED BY $G(x) = F(Bx)$ wHere $0 < [g| < 1%,



MAKES THE GRAPH APPEAR WIDER BY EFFECTIVELY DIVIDING THE X-VALUES (OR STRETCHING THE X‘AXIS).

Q: How Do | IDENTIFY A REFLECTION ACROSS THE X-AXIS VERSUS THE Y-AXIS FROM
AN EQUATION?

A: A REFLECTION ACROSS THE X-AXIS OCCURS WHEN THE ENTIRE FUNCTION IS NEGATED: $G(x) = -F(x)$. A REFLECTION
ACROSS THE Y-AXIS OCCURS WHEN THE INPUT VARIABLE $X$ IS REPLACED WITH $-x%$: $6(x) = F(-x)$.

Q: CAN TRANSFORMATIONS BE APPLIED TO INVERSE FUNCTIONS?

A: YES, TRANSFORMATIONS CAN BE APPLIED TO INVERSE FUNCTIONS JUST AS THEY CAN TO ANY OTHER FUNCTION. THE RULES
FOR SHIFTING, STRETCHING, COMPRESSING, AND REFLECTING REMAIN THE SAME, BUT YOU APPLY THEM TO THE INVERSE
FUNCTION'S EQUATION.

Q: WHAT IS A “PARENT FUNCTION" IN THE CONTEXT OF GRAPHING TRANSFORMATIONS?

A: A PARENT FUNCTION IS THE SIMPLEST, MOST BASIC FORM OF A PARTICULAR TYPE OF FUNCTION (E.G., $F(X) = x"2% IS THE
PARENT FUNCTION FOR QUADRATICS). ALL OTHER RELATED FUNCTIONS ARE CONSIDERED TRANSFORMATIONS OF THIS PARENT
FUNCTION.

QZ How DO TRANSFORMATIONS AFFECT THE DOMAIN AND RANGE OF A FUNCTION?

A: VERTICAL TRANSFORMATIONS (SHIFTS/ STRETCHES, REFLECTIONS) PRIMARILY AFFECT THE RANGE OF A FUNCTION.
HORIZONTAL TRANSFORMATIONS (SHIFTS/ STRETCHES, REFLECTIONS) PRIMARILY AFFECT THE DOMAIN OF A FUNCTION.
STRETCHES AND COMPRESSIONS CHANGE THE “SPREAD” OF THE DOMAIN AND RANGE, WHILE SHIFTS MOVE THE ENTIRE DOMAIN AND
RANGE. REFLECTIONS CHANGE THE DIRECTION OF THE RANGE OR DOMAIN INTERVAL IF IT'S ORIENTED DIRECTIONALLY.
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