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CoLLEGE ALGEBRA COMPREHENSIVE ALGEBRA REVIEW:
MASTERING THE FUNDAMENTALS

COLLEGE ALGEBRA COMPREHENSIVE ALGEBRA REVIEW IS ESSENTIAL FOR STUDENTS AIMING TO BUILD A STRONG FOUNDATION IN
MATHEMATICS, PAVING THE WAY FOR SUCCESS IN HIGHER-LEVEL COURSES AND DIVERSE ACADEMIC FIELDS. THIS COMPREHENSIVE
GUIDE IS METICULOUSLY DESIGNED TO COVER THE CORE CONCEPTS OF COLLEGE ALGEBRA, OFFERING A DETAILED EXPLORATION OF
ALGEBRAIC EXPRESSIONS, EQUATIONS, INEQUALITIES, FUNCTIONS, AND MORE. WE WILL DELVE INTO POLYNOMIALS, RATIONAL
EXPRESSIONS, RADICAL EXPRESSIONS, AND LOGARITHMIC AND EXPONENTIAL FUNCTIONS, PROVIDING CLEAR EXPLANATIONS AND
INSIGHTFUL STRATEGIES FOR TACKLING COMPLEX PROBLEMS. UNDERST ANDING THESE FUNDAMENTAL BUILDING BLOCKS IS CRUCIAL,
WHETHER YOU ARE PREPARING FOR AN EXAM, SEEKING TO REFRESH YOUR KNOWLEDGE, OR EMBARKING ON A NEW ACADEMIC
JOURNEY. THIS REVIEW AIMS TO DEMYSTIFY COLLEGE ALGEBRA, MAKING IT ACCESSIBLE AND MANAGEABLE FOR EVERY LEARNER.
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UNDERSTANDING ALGEBRAIC EXPRESSIONS

ALGEBRAIC EXPRESSIONS FORM THE BEDROCK OF COLLEGE ALGEBRA. THEY ARE MATHEMATICAL PHRASES THAT CAN CONTAIN
VARIABLES, CONSTANTS, AND MATHEMATICAL OPERATIONS. A VARIABLE, TYPICALLY REPRESENTED BY A LETTER LIKE X, Y, OR Z
STANDS FOR AN UNKNOWN OR CHANGING VALUE. CONSTANTS ARE FIXED NUMERICAL VALUES. THE OPERATIONS INVOLVED ARE
ADDITION, SUBTRACTION, MULTIPLICATION, DIVISION, AND EXPONENTIATION. SIMPLIFYING ALGEBRAIC EXPRESSIONS IS A
FUNDAMENTAL SKILL, INVOLVING COMBINING LIKE TERMS AND APPLYING THE ORDER OF OPERATIONS (PEMDAS/BODMAS) To
REDUCE AN EXPRESSION TO ITS SIMPLEST FORM. FOR INSTANCE, COMBINING 3X + 5Y - 2X + 7Y RESULTS IN X + 12V, WHERE
‘<" AND “12Y’ ARE THE SIMPLIFIED TERMS.

’



EVALUATING ALGEBRAIC EXPRESSIONS REQUIRES SUBSTITUTING SPECIFIC NUMERICAL VALUES FOR THE VARIABLES. THIS PROCESS
ALLOWS US TO DETERMINE THE NUMERICAL VALUE OF AN EXPRESSION FOR A GIVEN SET OF INPUTS. FOR EXAMPLE, IF WE HAVE
THE EXPRESSION 2A + 3B AND WE ARE GIVEN THAT A = 4 AND B = -2, WE SUBSTITUTE THESE VALUES: 2(4) + 3(-2) =8 -6
= 2. MASTERY OF THESE FOUNDATIONAL CONCEPTS IN ALGEBRAIC MANIPULATION IS CRUCIAL FOR PROGRESSING THROUGH MORE
ADVANCED TOPICS.

ProPERTIES OF REAL NUMBERS

\UNDERSTANDING THE PROPERTIES OF REAL NUMBERS IS PARAMOUNT TO MANIPULATING ALGEBRAIC EXPRESSIONS CORRECTLY.
THESE PROPERTIES INCLUDE THE COMMUTATIVE PROPERTY (A + B =B + A, AB = BA), ASSOCIATIVE PROPERTY (A + (B + C) =
(A +8)+c, A(Bc) = (AB)C), DISTRIBUTIVE PROPERTY (A(B + C) = AB + AC), IDENTITY PROPERTY (A + 0= A, A 1= A),
AND INVERSE PROPERTY (A + (-A) = 0, A (1/A) = 1 For A I= 0). THESE PROPERTIES PROVIDE THE RULES THAT GOVERN
ALGEBRAIC OPERATIONS AND ARE CONSISTENTLY APPLIED THROUGHOUT COLLEGE ALGEBRA.

ORDER OF OPERATIONS

THE ORDER OF OPERATIONS, OFTEN REMEMBERED BY THE ACRONYM PEMDAS (PARENTHESES, EXPONENTS, MULTIPLICATION AND
DIVISION FROM LEFT TO RIGHT, ADDITION AND SUBTRACTION FROM LEFT TO RIGHT), IS A UNIVERSALLY ACCEPTED CONVENTION
FOR EVALUATING MATHEMATICAL EXPRESSIONS. STRICT ADHERENCE TO THIS ORDER ENSURES THAT EVERY STUDENT ARRIVES AT
THE SAME CORRECT ANSWER WHEN EVALUATING A GIVEN EXPRESSION. FOR INSTANCE, IN THE EXPRESSION 5 + 3 (4 - 2)"2, wE
FIRST SOLVE THE PARENTHESES: 4 - 2 = 2. THEN, WE ADDRESS THE EXPONENT: 2”2 = 4. NEXT, MULTIPLICATION: 3 4 = 12.
FINALLY, ADDITION: 6 + 12 = 17.

SoLVING LINEAR EQUATIONS AND INEQUALITIES

LINEAR EQUATIONS ARE ALGEBRAIC EQUATIONS IN WHICH EACH TERM IS EITHER A CONSTANT OR THE PRODUCT OF A CONSTANT
AND A SINGLE VARIABLE. THE GENERAL FORM OF A LINEAR EQUATION IN ONE VARIABLE IS AX + B = O, WHERE A AND B ARE
CONSTANTS AND A IS NOT ZERO. THE GOAL WHEN SOLVING A LINEAR EQUATION IS TO ISOLATE THE VARIABLE ON ONE SIDE OF
THE EQUATION. THIS IS ACHIEVED BY PERFORMING INVERSE OPERATIONS ON BOTH SIDES OF THE EQUATION TO MAINTAIN
EQUALITY. FOR EXAMPLE, TO SOLVE 2X + 5 = 17, WE FIRST SUBTRACT 5 FROM BOTH SIDES (2X = 6), AND THEN DIVIDE BY 2
(x = 3).

LINEAR INEQUALITIES ARE SIMILAR TO LINEAR EQUATIONS, BUT THEY INVOLVE INEQUALITY SYMBOLS SUCH AS < (LESS THAN), >
(GREATER THAN), < (LESS THAN OR EQUAL TO), AND > (GREATER THAN OR EQUAL TO). SOLVING LINEAR INEQUALITIES
INVOLVES SIMILAR ALGEBRAIC STEPS TO SOLVING EQUATIONS, WITH ONE CRUCIAL DIFFERENCE: WHEN MULTIPLYING OR DIVIDING
BOTH SIDES OF AN INEQUALITY BY A NEGATIVE NUMBER, THE DIRECTION OF THE INEQUALITY SYMBOL MUST BE REVERSED. FOR
EXAMPLE, TO SOLVE -3X + 4 < 10, WE SUBTRACT 4 FROM BOTH SIDES (-3X < 6), AND THEN DIVIDE BY -3, REVERSING THE
INEQUALITY SIGN (X > -2). THE SOLUTION SET FOR AN INEQUALITY IS TYPICALLY REPRESENTED IN INTERVAL NOTATION.

PROPERTIES OF EQUALITY

THE PROPERTIES OF EQUALITY ARE THE RULES THAT ALLOW US TO MANIPULATE EQUATIONS WITHOUT CHANGING THEIR
SOLUTIONS. THESE INCLUDE THE ADDITION PROPERTY (IF A =B, THEN A + C = B + C), SUBTRACTION PROPERTY (IF A = B, THEN
A - C=B-C), MULTIPLICATION PROPERTY (IF A = B, THEN AC = BC), AND DIVISION PROPERTY (IF A =B AND C # O, THEN A/C
= B/C). THESE PROPERTIES ARE THE FUNDAMENTAL TOOLS USED IN ISOLATING VARIABLES.



PROPERTIES OF INEQUALITY

SIMILAR TO EQUALITY, INEQUALITIES HAVE THEIR OWN SET OF PROPERTIES THAT GOVERN THEIR MANIPULATION. THE ADDITION
AND SUBTRACTION PROPERTIES FOR INEQUALITIES ARE THE SAME AS FOR EQUALITY (IF A<B, THENA tC<B+t C). HO\X/EVER,
THE MULTIPLICATION AND DIVISION PROPERTIES ARE DIFFERENT. IF C > O, THEN MULTIPLYING OR DIVIDING BY C PRESERVES THE
INEQUALITY DIRECTION. |F C < O, THEN MULTIPLYING OR DIVIDING BY C REVERSES THE INEQUALITY DIRECTION.

\X/ ORKING WITH POLYNOMIALS

POLYNOMIALS ARE ALGEBRAIC EXPRESSIONS CONSISTING OF VARIABLES AND COEFFICIENTS, WHICH INVOLVES ONLY THE
OPERATIONS OF ADDITION, SUBTRACTION, MULTIPLICATION, AND NON-NEGATIVE INTEGER EXPONENTS OF VARIABLES. A
POLYNOMIAL CAN BE WRITTEN IN THEFORM A_N X "N+ A_{N-1}x*{N-1}+ ..+ A_1 x+ A_0, WHERE A_| ARE COEFFICIENTS
AND N IS A NON-NEGATIVE INTEGER. OPERATIONS WITH POLYNOMIALS INCLUDE ADDITION, SUBTRACTION, AND MULTIPLICATION.
ADDING AND SUBTRACTING POLYNOMIALS INVOLVES COMBINING LIKE TERMS, WHILE MULTIPLYING POLYNOMIALS OFTEN UTILIZES
THE DISTRIBUTIVE PROPERTY AND EXPONENT RULES (WHEN MULTIPLYING POWERS WITH THE SAME BASE, ADD THE EXPONENTS).

FACTORING POLYNOMIALS IS A CRITICAL SKILL FOR SOLVING POLYNOMIAL EQUATIONS AND SIMPLIFYING RATIONAL EXPRESSIONS.
FACTORING INVOLVES REWRITING A POLYNOMIAL AS A PRODUCT OF SIMPLER POLYNOMIALS, OFTEN CALLED FACTORS. COMMON
FACTORING TECHNIQUES INCLUDE FACTORING OUT THE GREATEST COMMON FACTOR (GCF), FACTORING BY GROUPING,
DIFFERENCE OF SQUARES, SUM AND DIFFERENCE OF CUBES, AND TRINOMIAL FACTORING. FOR EXAMPLE, THE POLYNOMIAL X2 - 4
CAN BE FACTORED AS A DIFFERENCE OF SQUARES INTO (X - 2)(x + 2).

OPERATIONS ON POLYNOMIALS

ADDITION AND SUBTRACTION OF POLYNOMIALS ARE PERFORMED BY COMBINING LIKE TERMS, WHICH ARE TERMS THAT HAVE THE
SAME VARIABLE RAISED TO THE SAME POWER. FOR EXAMPLE, TO ADD (3x"2 + 2x - 5) AND (X2 - 4x + 7), WE GROUP LIKE
TeErMS: (3X"2 + x*2) + (2x - 4x) + (-5 + 7) = 4x"2 - 2x + 2. POLYNOMIAL MULTIPLICATION TYPICALLY INVOLVES
DISTRIBUTING EACH TERM OF ONE POLYNOMIAL TO EVERY TERM OF THE OTHER POLYNOMIAL. THE FOIL METHOD IS A MNEMONIC
FOR MULTIPLYING TWO BINOMIALS: FIRST, OUTER, INNER, LAST.

FACTORING TECHNIQUES

V ARIOUS TECHNIQUES EXIST FOR FACTORING POLYNOMIALS. THE GCF IS ALWAYS THE FIRST STEP IF APPLICABLE. FOR
TRINOMIALS OF THE FORM AX"2 + BX + C, WE LOOK FOR TWO NUMBERS THAT MULTIPLY TO ‘AC’ AND ADD TO ‘8. SPECIAL
PRODUCT FORMULAS LIKE THE DIFFERENCE OF SQUARES (A" 2 - B"2 = (A - B)(A + B)) AND PERFECT SQUARE TRINOMIALS (A2
+2a8+8"2=(a+8)"2 AND A"2 - 2AB + B"2 = (A - B)"2) ARE ALSO ESSENTIAL. ADVANCED TECHNIQUES INCLUDE
FACTORING BY GROUPING AND THE SUM/DIFFERENCE OF CUBES.

RATIONAL EXPRESSIONS AND EQUATIONS

RATIONAL EXPRESSIONS ARE FRACTIONS WHERE THE NUMERATOR AND/OR DENOMINATOR ARE POLYNOMIALS. THEY ARE DEFINED
AS LONG AS THE DENOMINATOR IS NOT EQUAL TO ZERO. SIMPLIFYING RATIONAL EXPRESSIONS INVOLVES FACTORING BOTH THE
NUMERATOR AND THE DENOMINATOR AND CANCELING OUT ANY COMMON FACTORS. OPERATIONS WITH RATIONAL EXPRESSIONS,
INCLUDING ADDITION, SUBTRACTION, MULTIPLICATION, AND DIVISION, REQUIRE FINDING COMMON DENOMINATORS FOR ADDITION

AND SUBTRACTION, AND INVERTING AND MULTIPLYING FOR DIVISION.

SOLVING RATIONAL EQUATIONS INVOLVES CLEARING THE DENOMINATORS BY MULTIPLYING BOTH SIDES OF THE EQUATION BY THE
LEAST COMMON DENOMINATOR (LCD) OF ALL THE FRACTIONS PRESENT. AFTER CLEARING THE DENOMINATORS, THE EQUATION IS



OFTEN TRANSFORMED INTO A POLYNOMIAL EQUATION THAT CAN BE SOLVED USING PREVIOUSLY LEARNED TECHNIQUES. RS
CRUCIAL TO CHECK FOR EXTRANEOUS SOLUTIONS, WHICH ARE SOLUTIONS THAT ARISE DURING THE SOLVING PROCESS BUT DO
NOT SATISFY THE ORIGINAL EQUATION DUE TO MAKING A DENOMINATOR ZERO.

SIMPLIFYING RATIONAL EXPRESSIONS

TO SIMPLIFY A RATIONAL EXPRESSION, THE FIRST STEP IS TO FACTOR BOTH THE NUMERATOR AND THE DENOMINATOR
COMPLETELY. THEN, ANY COMMON FACTORS THAT APPEAR IN BOTH THE NUMERATOR AND THE DENOMINATOR CAN BE CANCELED
ouT. FOR EXAMPLE, TO SIMPLIFY (X2 - 9) / (X2 - 6x + 9), WE FACTOR THE NUMERATOR AS (x-3)(x+3) AND THE
DENOMINATOR AS (x-3)(x-3). CANCELING ONE (x-3) FROM BOTH LEAVES (x+3) / (x-3), PROVIDED X # 3.

OPERATIONS ON RATIONAL EXPRESSIONS

MULTIPLYING RATIONAL EXPRESSIONS IS STRAIGHTFORWARD: MULTIPLY THE NUMERATORS AND MULTIPLY THE DENOMINATORS,
THEN SIMPLIFY. DIVIDING RATIONAL EXPRESSIONS INVOLVES INVERTING THE SECOND FRACTION AND MULTIPLYING. ADDING AND
SUBTRACTING RATIONAL EXPRESSIONS REQUIRE FINDING A COMMON DENOMINATOR, WHICH IS OFTEN THE LCD oF ALL
EXPRESSIONS. ONCE A COMMON DENOMINATOR IS ESTABLISHED, THE NUMERATORS ARE ADDED OR SUBTRACTED ACCORDINGLY,
AND THE RESULTING EXPRESSION IS SIMPLIFIED.

RADICAL EXPRESSIONS AND EQUATIONS

RADICAL EXPRESSIONS INVOLVE ROOTS, SUCH AS SQUARE ROOTS, CUBE ROOTS, AND SO ON. THE SYMBoL '[?] ' DENOTES THE
RADICAL SIGN. SIMPLIFYING RADICAL EXPRESSIONS OFTEN INVOLVES FINDING PERFECT SQUARES (OR CUBES, ETC.) WITHIN THE
RADICAND (THE EXPRESSION UNDER THE RADICAL SIGN) AND TAKING THEIR ROOT. FOR EXAMPLE, [}] 50 CAN BE SIMPLIFIED AS
(25 2) = 25 2 =5[] 2.RATIONALIZING THE DENOMINATOR IS ANOTHER KEY SKILL, WHICH INVOLVES ELIMINATING
RADICALS FROM THE DENOMINATOR OF A FRACTION BY MULTIPLYING THE NUMERATOR AND DENOMINATOR BY AN APPROPRIATE
EXPRESSION.

SOLVING RADICAL EQUATIONS REQUIRES ISOLATING THE RADICAL TERM AND THEN RAISING BOTH SIDES OF THE EQUATION TO A
POWER THAT ELIMINATES THE RADICAL. FOR INSTANCE, TO SOLVE (X + 2) = 3, WE SQUARE BOTH SIDES: X + 2 = 9, WHICH
YIELDS X = 7. AS WITH RATIONAL EQUATIONS, IT IS ESSENTIAL TO CHECK FOR EXTRANEOUS SOLUTIONS, AS SQUARING BOTH
SIDES OF AN EQUATION CAN SOMETIMES INTRODUCE SOLUTIONS THAT DO NOT SATISFY THE ORIGINAL RADICAL EQUATION.

SIMPLIFYING RADICAL EXPRESSIONS

SIMPLIFICATION OF RADICAL EXPRESSIONS RELIES ON THE PROPERTY THAT [} (AB) =[] A[}] s anD ] (a/8) =[] A /[P B. THE GOAL
IS TO EXTRACT ANY PERFECT POWERS FROM THE RADICAND. FOR A SQUARE ROOT, THIS MEANS FINDING PERFECT SQUARES. FOR
A CUBE ROOT, IT MEANS FINDING PERFECT CUBES, AND SO ON. FOR EXAMPLE, °F] 54 =3p (27 2) =3F 27 °F 2= 3% 2.

SoLVING RADICAL EQUATIONS

THE PRIMARY STRATEGY FOR SOLVING RADICAL EQUATIONS IS TO ISOLATE THE RADICAL AND THEN RAISE BOTH SIDES TO THE
INDEX OF THE RADICAL. |F THE EQUATION CONTAINS MULTIPLE RADICALS, IT MAY BE NECESSARY TO ISOLATE ONE RADICAL AT A
TIME AND REPEAT THE PROCESS. THE POTENTIAL FOR EXTRANEOUS SOLUTIONS NECESSITATES VERIFICATION OF ALL OBTAINED
SOLUTIONS IN THE ORIGINAL EQUATION.



FUNCTIONS: CONCEPTS AND OPERATIONS

A FUNCTION IS A RELATION BETWEEN A SET OF INPUTS AND A SET OF PERMISSIBLE OUTPUTS WITH THE PROPERTY THAT EACH
INPUT IS RELATED TO EXACTLY ONE OUTPUT. THIS IS OFTEN REFERRED TO AS THE “VERTICAL LINE TEST” FOR GRAPHICAL
REPRESENTATIONS!: IF ANY VERTICAL LINE INTERSECTS THE GRAPH AT MORE THAN ONE POINT, THE RELATION IS NOT A FUNCTION.
FUNCTIONS CAN BE REPRESENTED IN VARIOUS WAYS: BY TABLES, GRAPHS, EQUATIONS, AND VERBAL DESCRIPTIONS.

DOMAIN AND RANGE ARE FUNDAMENTAL CONCEPTS ASSOCIATED WITH FUNCTIONS. THE DOMAIN IS THE SET OF ALL POSSIBLE
INPUT VALUES FOR THE FUNCTION, WHILE THE RANGE IS THE SET OF ALL POSSIBLE OUTPUT VALUES. FUNCTION NOTATION, SUCH
AS F(X), IS USED TO REPRESENT THE OUTPUT OF A FUNCTION F FOR A GIVEN INPUT X. OPERATIONS ON FUNCTIONS INCLUDE
ADDITION, SUBTRACTION, MULTIPLICATION, DIVISION, AND COMPOSITION. FUNCTION COMPOSITION, DENOTED AS (F[F]  G)(x) oR
F(G(x)), MEANS APPLYING ONE FUNCTION TO THE RESULT OF ANOTHER.

DoMAIN AND RANGE OF FUNCTIONS

THE DOMAIN OF A FUNCTION IS DETERMINED BY CONSIDERING ANY RESTRICTIONS ON THE INPUT VALUES. FOR RATIONAL
FUNCTIONS, THE DENOMINATOR CANNOT BE ZERO. FOR RADICAL FUNCTIONS WITH EVEN INDICES, THE RADICAND MUST BE NON-
NEGATIVE. THE RANGE IS THE SET OF ALL POSSIBLE OUTPUT VALUES THAT THE FUNCTION CAN PRODUCE. DETERMINING THE
RANGE CAN SOMETIMES BE MORE CHALLENGING AND MAY INVOLVE ANALYZING THE FUNCTION'S GRAPH OR ITS PROPERTIES.

OPERATIONS ON FUNCTIONS

GIVEN TWO FUNCTIONS F(x) AND G(x), THEIR SUM IS (F + G)(x) = F(x) + G(x), THEIR DIFFERENCE IS (F - 6)(x) = F(X) -
6(x), THEIR PrRODUCT 1S (F G)(x) = F(x) G(x), AND THEIR QUOTIENT IS (F / 6)(x) = F(x) / G(X), WITH THE CONDITION THAT
6(x) # 0. FuncTIoN coMposiITION, F(G(X)), INVOLVES SUBSTITUTING THE ENTIRE FUNCTION G(X) INTO THE VARIABLE X OF
THE FUNCTION F(X).

QUADRATIC FUNCTIONS AND EQUATIONS

A QUADRATIC FUNCTION IS A POLYNOMIAL FUNCTION OF DEGREE TWO, GENERALLY EXPRESSED AS F(X) = ax"2 +Bx + C,
\WHERE A, B, AND C ARE CONSTANTS AND A # 0. THE GRAPH OF A QUADRATIC FUNCTION IS A PARABOLA. KEY FEATURES OF A
PARABOLA INCLUDE ITS VERTEX, AXIS OF SYMMETRY, AND DIRECTION OF OPENING (UP\X/ARD IFA> O, DOWNWARD IF A < O)

QUADRATIC EQUATIONS ARE EQUATIONS OF THE FORM AX"2 + BX + C = 0. THEY CAN BE SOLVED USING SEVERAL METHODS:
FACTORING, COMPLETING THE SQUARE, AND THE QUADRATIC FORMULA. THE QUADRATIC FORMULA, X =[-8 + [P] (8"2 - 4AC)]/
2A, IS A UNIVERSAL METHOD THAT CAN SOLVE ANY QUADRATIC EQUATION. THE DISCRIMINANT (8”2 - 4AC) DETERMINES THE
NATURE OF THE ROOTS: TWO DISTINCT REAL ROOTS IF POSITIVE, ONE REAL ROOT (A REPEATED ROOT) IF ZERO, AND TWO
COMPLEX CONJUGATE ROOTS IF NEGATIVE.

GRAPHING QUADRATIC FUNCTIONS

THE VERTEX OF A PARABOLA CAN BE FOUND USING THE FORMULA X = -B / 2A FOR THE X~COORDINATE, AND THEN
SUBSTITUTING THIS VALUE BACK INTO THE FUNCTION TO FIND THE Y-COORDINATE. THE AXIS OF SYMMETRY IS THE VERTICAL
LINE PASSING THROUGH THE VERTEX. THE Y-INTERCEPT IS FOUND BY EVALUATING F(O), WHICH IS ALWAYS EQUAL TO C.
UNDERSTANDING THESE ELEMENTS HELPS IN SKETCHING AN ACCURATE GRAPH OF THE QUADRATIC FUNCTION.



SoLVING QUADRATIC EQUATIONS

FACTORING IS THE SIMPLEST METHOD WHEN APPLICABLE. COMPLETING THE SQUARE INVOLVES MANIPULATING THE EQUATION TO
CREATE A PERFECT SQUARE TRINOMIAL ON ONE SIDE. THE QUADRATIC FORMULA IS THE MOST ROBUST METHOD, PROVIDING
SOLUTIONS FOR ALL TYPES OF QUADRATIC EQUATIONS, INCLUDING THOSE WITH COMPLEX SOLUTIONS.

EXPONENTIAL AND LOGARITHMIC FUNCTIONS

EXPONENTIAL FUNCTIONS HAVE THE GENERAL FORM F(X) = A™X, WHERE ‘A" IS A POSITIVE CONSTANT (THE BASE) AND A # 1.
THESE FUNCTIONS EXHIBIT RAPID GROWTH OR DECAY. LOGARITHMIC FUNCTIONS ARE THE INVERSE OF EXPONENTIAL FUNCTIONS. |F
Y = A"X, THEN LOG_A(Y) = X. THE BASE ‘A" MUST BE POSITIVE AND NOT EQUAL TO 1. PROPERTIES OF LOGARITHMS ARE
CRUCIAL FOR SIMPLIFYING AND SOLVING LOGARITHMIC EQUATIONS, INCLUDING THE PRODUCT RULE, QUOTIENT RULE, AND POWER
RULE.

SOLVING EXPONENTIAL EQUATIONS OFTEN INVOLVES USING LOGARITHMS TO BRING THE VARIABLE OUT OF THE EXPONENT.
SOLVING LOGARITHMIC EQUATIONS TYPICALLY INVOLVES USING THE PROPERTIES OF LOGARITHMS TO COMBINE LOGARITHMIC
TERMS AND THEN CONVERTING THE EQUATION BACK TO EXPONENTIAL FORM. NATURAL LOGARITHMS (BASE E, DENOTED AS LN)
AND COMMON LOGARITHMS (BASE ]O, DENOTED AS LOG) ARE FREQUENTLY ENCOUNTERED.

PROPERTIES OF EXPONENTS AND LOGARITHMS

KEY EXPONENT PROPERTIES INCLUDE: XM XN = X (M+N), XM / XN = x*(M-N), (x*M)"N = x*(MN), anD X0 = 1.
LOGARITHM PROPERTIES MIRROR THESE: LOG_A(XY) = LoG_A(x) + LoG_A(Y), Loc_A(x/Y) = LoGc_A(x) - Loc_A(Y), AND
LoG_A(X"N) = NLoG_A(x). THE CHANGE OF BASE FORMULA, LOG_B(X) = LoG_A(x) / LoG_A(B), IS VITAL FOR EVALUATING
LOGARITHMS WITH ARBITRARY BASES USING A CALCULATOR.

SOLVING EXPONENTIAL AND LOGARITHMIC EQUATIONS

TO SOLVE EXPONENTIAL EQUATIONS, IF BASES ARE THE SAME, EQUATE EXPONENTS. OTHER\X/ISE/ TAKE THE LOGARITHM OF BOTH
SIDES. FOR LOGARITHMIC EQUATIONS, COMBINE LOGS USING PROPERTIES, THEN CONVERT TO EXPONENTIAL FORM, OR USE THE
PROPERTY THAT IF LOG_A(X) = LOG_A(Y), THEN X = Y. ALWAYS CHECK FOR DOMAIN RESTRICTIONS AND EXTRANEOUS
SOLUTIONS.

SYSTEMS OF EQUATIONS AND INEQUALITIES

A SYSTEM OF EQUATIONS IS A SET OF TWO OR MORE EQUATIONS THAT SHARE THE SAME VARIABLES. THE SOLUTION TO A
SYSTEM OF EQUATIONS IS THE SET OF VALUES FOR THE VARIABLES THAT SATISFY ALL EQUATIONS IN THE SYSTEM
SIMULTANEOUSLY. COMMON METHODS FOR SOLVING SYSTEMS OF LINEAR EQUATIONS INCLUDE SUBSTITUTION, ELIMINATION (OR
ADDITION), AND GRAPHICAL METHODS.

A SYSTEM OF INEQUALITIES INVOLVES TWO OR MORE INEQUALITIES. THE SOLUTION TO A SYSTEM OF INEQUALITIES IS THE
REGION WHERE THE SOLUTION SETS OF ALL INDIVIDUAL INEQUALITIES OVERLAP. THIS REGION IS TYPICALLY GRAPHED ON A
COORDINATE PLANE. FOR SYSTEMS OF NONLINEAR EQUATIONS OR INEQUALITIES, METHODS OFTEN INVOLVE SUBSTITUTION,
GRAPHICAL ANALYSIS, OR MORE ADVANCED TECHNIQUES DEPENDING ON THE COMPLEXITY OF THE EQUATIONS.



METHODS FOR SOLVING SYSTEMS OF LINEAR EQUATIONS

SUBSTITUTION INVOLVES SOLVING ONE EQUATION FOR ONE VARIABLE AND SUBSTITUTING THAT EXPRESSION INTO THE OTHER
EQUATION. ELIMINATION INVOLVES MULTIPLYING ONE OR BOTH EQUATIONS BY CONSTANTS SO THAT THE COEFFICIENTS OF ONE
VARIABLE ARE OPPOSITES, ALLOWING THEM TO BE ELIMINATED BY ADDITION. THE GRAPHICAL METHOD INVOLVES GRAPHING EACH
EQUATION AND FINDING THE POINT(S) OF INTERSECTION.

SoLVING SYSTEMS oF NONLINEAR EQUATIONS

NONLINEAR SYSTEMS CAN INVOLVE QUADRATIC EQUATIONS, CIRCLES, OR OTHER CURVES. SUBSTITUTION IS OFTEN EFFECTIVE IF
ONE EQUATION CAN BE EASILY SOLVED FOR ONE VARIABLE. GRAPHICAL SOLUTIONS CAN PROVIDE APPROXIMATE SOLUTIONS OR
INDICATE THE NUMBER OF SOLUTIONS. MORE COMPLEX METHODS MAY BE REQUIRED FOR SYSTEMS THAT DO NOT LEND
THEMSELVES TO SIMPLE ALGEBRAIC MANIPULATION.

MATRICES AND DETERMINANTS

MATRICES ARE RECTANGULAR ARRAYS OF NUMBERS, SYMBOLS, OR EXPRESSIONS, ARRANGED IN ROWS AND COLUMNS. THEY ARE
USED EXTENSIVELY IN MATHEMATICS, SCIENCE, AND ENGINEERING TO REPRESENT AND SOLVE SYSTEMS OF LINEAR EQUATIONS,
PERFORM TRANSFORMATIONS, AND MODEL DATA. OPERATIONS ON MATRICES INCLUDE ADDITION, SUBTRACTION, SCALAR
MULTIPLICATION, AND MATRIX MULTIPLICATION.

A DETERMINANT IS A SCALAR VALUE THAT CAN BE COMPUTED FROM THE ELEMENTS OF A SQUARE MATRIX. |T HAS IMPORTANT
PROPERTIES RELATED TO THE MATRIX, SUCH AS INDICATING WHETHER THE MATRIX IS INVERTIBLE. For A 2X2 MATRIX [[A, B], [C,
D]], THE DETERMINANT IS AD - BC. DETERMINANTS ARE CRUCIAL FOR SOLVING SYSTEMS OF LINEAR EQUATIONS USING CRAMER'S
RULE AND FOR UNDERSTANDING MATRIX INVERTIBILITY.

MATRIX OPERATIONS

MATRIX ADDITION AND SUBTRACTION ARE PERFORMED ELEMENT-WISE, PROVIDED THE MATRICES HAVE THE SAME DIMENSIONS.
SCALAR MULTIPLICATION INVOLVES MULTIPLYING EACH ELEMENT OF THE MATRIX BY A SINGLE NUMBER. MATRIX MULTIPLICATION
IS MORE COMPLEX;, THE NUMBER OF COLUMNS IN THE FIRST MATRIX MUST EQUAL THE NUMBER OF ROWS IN THE SECOND. THE
ELEMENT IN THE I=TH ROW AND J-TH COLUMN OF THE PRODUCT MATRIX IS THE DOT PRODUCT OF THE I-TH ROW OF THE FIRST
MATRIX AND THE J-TH COLUMN OF THE SECOND MATRIX.

DeTERMINANTS AND CRAMER’S RULE

THE DETERMINANT OF A SQUARE MATRIX PROVIDES A SINGLE NUMERICAL VALUE THAT ENCAPSULATES CERTAIN PROPERTIES OF
THE MATRIX. CRAMER'S RULE IS A METHOD FOR SOLVING SYSTEMS OF LINEAR EQUATIONS USING DETERMINANTS. FOR A SYSTEM
AX = B, WHERE A IS THE COEFFICIENT MATRIX, X IS THE VARIABLE VECTOR, AND B IS THE CONSTANT VECTOR, THE SOLUTION
FOR X_11S GIVEN BY DET(A_1) / DET(A), WHERE A_11S THE MATRIX A WITH THE I-TH COLUMN REPLACED BY THE VECTOR B.

ConNic SECTIONS

CONIC SECTIONS ARE CURVES OBTAINED AS THE INTERSECTION OF A PLANE AND A DOUBLE-NAPPED CONE. T HE FOUR BASIC CONIC
SECTIONS ARE THE CIRCLE, ELLIPSE, PARABOLA, AND HYPERBOLA. EACH CONIC SECTION HAS A UNIQUE STANDARD FORM
EQUATION AND DISTINCT GRAPHICAL PROPERTIES. UNDERSTANDING THEIR EQUATIONS ALLOWS FOR THEIR IDENTIFICATION AND



ANALYSIS, INCLUDING FINDING THEIR VERTICES, FOCI, AND DIRECTRICES.

THE GENERAL SECOND-DEGREE EQUATION AX"2 + Bxy + Cy"2 4+ Dx + Ey + F = O CAN REPRESENT ANY CONIC SECTION. THE
NATURE OF THE CONIC SECTION CAN OFTEN BE DETERMINED BY EXAMINING THE COEFFICIENTS A, B, AND C. FORr EXAMPLE, IFB =0
AND A = C,IT's A CIRCLE. IF B = 0 AND A AND C HAVE THE SAME SIGN BUT ARE NOT EQUAL, IT'S AN ELLIPSE. [F B =0 AND A
or C 1s zErO, IT'S A PARABOLA. IF B = 0 AND A AND C HAVE OPPOSITE SIGNS, IT'S A HYPERBOLA.

CIRCLES, ELLIPSES, PARABOLAS, AND HYPERBOLAS

A CIRCLE IS THE SET OF ALL POINTS EQUIDISTANT FROM A CENTRAL POINT. AN ELLIPSE IS THE SET OF ALL POINTS WHERE THE
SUM OF THE DISTANCES FROM TWO FIXED POINTS (FOCI) IS CONSTANT. A PARABOLA IS THE SET OF ALL POINTS EQUIDISTANT
FROM A FIXED POINT (FOCUS) AND A FIXED LINE (DIRECTRIX). A HYPERBOLA IS THE SET OF ALL POINTS WHERE THE ABSOLUTE
DIFFERENCE OF THE DISTANCES FROM TWO FIXED POINTS (FOCI) IS CONSTANT.

STANDARD FORMS AND PROPERTIES

EACH CONIC SECTION HAS A STANDARD FORM EQUATION THAT REVEALS ITS PROPERTIES. FOR EXAMPLE, THE STANDARD FORM OF
A CIRCLE CENTERED AT (H, k) 1s (X - H)*2 + (¥ - k)"2 = R"2. THE STANDARD FORMS FOR ELLIPSES, PARABOLAS, AND
HYPERBOLAS INVOLVE SPECIFIC ARRANGEMENTS OF SQUARED TERMS AND CONSTANTS THAT DEFINE THEIR SHAPE, ORIENTATION,
AND KEY POINTS LIKE VERTICES AND FOCI. ANALYZING THESE STANDARD FORMS IS CRUCIAL FOR GRAPHING AND UNDERST ANDING
THE GEOMETRIC NATURE OF CONIC SECTIONS.

FREQUENTLY AskeD QUESTIONS

Q: WHAT IS THE MOST CHALLENGING TOPIC IN COLLEGE ALGEBRA FOR MOST
STUDENTS?

A: MANY STUDENTS FIND THE ABSTRACT NATURE OF FUNCTIONS, ESPECIALLY THEIR COMPOSITION AND TRANSFORMATIONS, AND
THE MANIPULATION OF LOGARITHMIC AND EXPONENTIAL EQUATIONS TO BE PARTICULARLY CHALLENGING. THE CONCEPT OF
INFINITY AND ITS IMPLICATIONS IN CALCULUS, WHICH BUILDS UPON COLLEGE ALGEBRA, CAN ALSO BE A HURDLE.

QI How CAN | EFFECTIVELY PREPARE FOR A COLLEGE ALGEBRA COMPREHENSIVE EXAM?

A: A COMPREHENSIVE EXAM REQUIRES A THOROUGH UNDERSTANDING OF ALL TOPICS. START BY REVIEWING NOTES AND
TEXTBOOK CHAPTERS. W/ ORK THROUGH PRACTICE PROBLEMS FOR EACH CONCEPT, FOCUSING ON AREAS WHERE YOU FEEL LESS
CONFIDENT. UTILIZE PRACTICE EXAMS IF AVAILABLE, SIMULATING EXAM CONDITIONS TO IDENTIFY WEAK SPOTS AND MANAGE TIME
EFFECTIVELY. SEEK HELP FROM INSTRUCTORS OR STUDY GROUPS FOR DIFFICULT CONCEPTS.

Q: WHAT ARE THE KEY DIFFERENCES BETWEEN SOLVING EQUATIONS AND SOLVING
INEQUALITIES?

A: THE PRIMARY DIFFERENCE LIES IN HOW MULTIPLICATION OR DIVISION BY A NEGATIVE NUMBER AFFECTS THE SOLUTION. \W/HEN

SOLVING AN EQUATION, MULTIPLYING OR DIVIDING BY ANY NON-ZERO NUMBER MAINTAINS EQUALITY. HO\X/EVER, WHEN SOLVING
AN INEQUALITY, MULTIPLYING OR DIVIDING BY A NEGATIVE NUMBER REQUIRES REVERSING THE INEQUALITY SIGN TO MAINTAIN THE
CORRECTNESS OF THE RELATIONSHIP.



QZ WHY IS IT IMPORTANT TO CHECK FOR EXTRANEOUS SOLUTIONS WHEN SOLVING
RATIONAL AND RADICAL EQUATIONS.p

A: EXTRANEOUS SOLUTIONS ARE INTRODUCED BECAUSE THE OPERATIONS USED TO SOLVE THESE EQUATIONS (LIKE SQUARING
BOTH SIDES OR MULTIPLYING BY A VARIABLE EXPRESSION) CAN SOMETIMES CREATE NEW SOLUTIONS THAT WERE NOT PART OF
THE ORIGINAL EQUATION. CHECKING ENSURES THAT THE SOLUTIONS OBTAINED ACTUALLY SATISFY THE INITIAL CONDITIONS,
PARTICULARLY AVOIDING DIVISION BY ZERO OR TAKING ROOTS OF NEGATIVE NUMBERS IN THE ORIGINAL CONTEXT.

QI \WHAT IS THE ROLE OF THE DISCRIMINANT IN SOLVING QUADRATIC EQUATIONS?

A: THEe DISCRIMINANT, B 2 - 4AC, FROM THE QUADRATIC FORMULA PROVIDES VALUABLE INFORMATION ABOUT THE NATURE OF
THE ROOTS (SOLUTIONS) OF A QUADRATIC EQUATION Ax"2 +Bx + ¢ = 0. |F THE DISCRIMINANT IS POSITIVE, THERE ARE TWO
DISTINCT REAL ROOTS. IF IT IS ZERO, THERE IS EXACTLY ONE REAL ROOT (A REPEATED ROOT). IFIT IS NEGATIVE, THERE ARE
TWO COMPLEX CONJUGATE ROOTS.

QI How ARE EXPONENTIAL AND LOGARITHMIC FUNCTIONS RELATED?

A: EXPONENTIAL AND LOGARITHMIC FUNCTIONS ARE INVERSE FUNCTIONS OF EACH OTHER. THIS MEANS THAT ONE UNDOES THE
OPERATION OF THE OTHER. IF ¥ = AAX/ THEN LOG_A(Y) = X. THIS INVERSE RELATIONSHIP IS FUNDAMENTAL TO SOLVING
EQUATIONS INVOLVING EXPONENTS AND LOGARITHMS AND IS CRUCIAL FOR UNDERSTANDING THEIR APPLICATIONS IN FIELDS LIKE
FINANCE AND SCIENCE.

QI WHAT ARE THE MAIN TYPES OF CONIC SECTIONS , AND HOW ARE THEY IDENTIFIED?

A: THE FOUR MAIN TYPES OF CONIC SECTIONS ARE CIRCLES, ELLIPSES, PARABOLAS, AND HYPERBOLAS. THEY ARE TYPICALLY
IDENTIFIED BY THEIR STANDARD FORM EQUATIONS OR BY ANALYZING THE COEFFICIENTS IN THE GENERAL SECOND-DEGREE
EQUATION Ax"2 + Bxy + Cy"2 + Dx + Ey + F = 0. THE PRESENCE AND RELATIONSHIP OF THE SQUARED TERMS AND THE BxY
TERM ARE KEY INDICATORS.

Q: WHAT IS THE SIGNIFICANCE OF THE DOMAIN AND RANGE OF A FUNCTION IN COLLEGE
ALGEBRA?P

A: THE DOMAIN AND RANGE DEFINE THE POSSIBLE INPUTS AND OUTPUTS OF A FUNCTION, RESPECTIVELY. (UNDERSTANDING THESE
SETS IS CRITICAL FOR DETERMINING THE VALID OPERATIONS AND INTERPRETATIONS OF A FUNCTION. FOR EXAMPLE, RESTRICTING
THE DOMAIN OF A FUNCTION CAN CHANGE ITS BEHAVIOR AND ITS GRAPHICAL REPRESENTATION, WHICH IS IMPORTANT IN MANY
MATHEMATICAL AND APPLIED CONTEXTS.
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