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CoLLEGE ALGEBRA COLLEGE ALGEBRA TRIG FUNCTIONS EXAMPLES: MASTERING THE FUNDAMENTALS

COLLEGE ALGEBRA COLLEGE ALGEBRA TRIG FUNCTIONS EXAMPLES ARE A CORNERSTONE OF ADVANCED MATHEMATICAL STUDY,
BRIDGING THE GAP BETWEEN ALGEBRAIC CONCEPTS AND THE INTRICATE WORLD OF GEOMETRY AND PERIODICITY. UNDERSTANDING
THESE FUNCTIONS IS CRUCIAL FOR SUCCESS IN VARIOUS SCIENTIFIC, ENGINEERING, AND ECONOMIC FIELDS. THIS COMPREHENSIVE
ARTICLE DELVES INTO THE CORE CONCEPTS OF TRIGONOMETRIC FUNCTIONS WITHIN COLLEGE ALGEBRA, PROVIDING CLEAR
EXPLANATIONS AND PRACTICAL EXAMPLES TO SOLIDIFY YOUR GRASP. WE WILL EXPLORE THE UNIT CIRCLE DEFINITION, KEY
IDENTITIES, GRAPHING TECHNIQUES, AND COMMON APPLICATIONS THAT MAKE TRIG FUNCTIONS INDISPENSABLE TOOLS IN YOUR
MATHEMATICAL ARSENAL.
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UNDERSTANDING T RIGONOMETRIC FUNCTIONS IN COLLEGE ALGEBRA

COLLEGE ALGEBRA SERVES AS THE CRITICAL JUNCTURE WHERE STUDENTS ENCOUNTER THE FOUNDATIONAL PRINCIPLES OF
TRIGONOMETRY. UNLIKE INTRODUCTORY ALGEBRA, WHICH FOCUSES ON VARIABLES AND EQUATIONS IN A MORE ABSTRACT SENSE,
COLLEGE ALGEBRA INTRODUCES FUNCTIONS THAT EXHIBIT CYCLICAL BEHAVIOR AND RELATE ANGLES TO RATIOS OF SIDES IN
RIGHT TRIANGLES. THESE FUNCTIONS ARE NOT MERELY ABSTRACT MATHEMATICAL CONSTRUCTS, THEY ARE POWERFUL TOOLS
USED TO MODEL PHENOMENA THAT REPEAT OVER TIME OR SPACE, FROM THE OSCILLATION OF A PENDULUM TO THE EBB AND FLOW
OF TIDES.

THE STUDY OF TRIGONOMETRIC FUNCTIONS IN COLLEGE ALGEBRA IS TYPICALLY INITIATED WITH A SOLID UNDERSTANDING OF
ANGLES, BOTH IN DEGREES AND RADIANS, AND THEIR MEASUREMENT. THIS FOUNDATIONAL KNOWLEDGE ALLOWS FOR THE
SEAMLESS TRANSITION INTO DEFINING THE CORE TRIGONOMETRIC RATIOS. MASTERING THESE DEFINITIONS AND THEIR
INTERRELATIONSHIPS IS PARAMOUNT FOR PROGRESSING TO MORE COMPLEX TOPICS LIKE SOLVING TRIGONOMETRIC EQUATIONS
AND UNDERSTANDING THEIR GRAPHICAL REPRESENTATIONS. THE EXAMPLES PROVIDED THROUGHOUT THIS GUIDE ARE DESIGNED TO
DEMYSTIFY THESE CONCEPTS, MAKING THEM ACCESSIBLE AND MANAGEABLE FOR ALL LEARNERS.

THe UNIT CIRCLE: A FOUNDATION FOR TRIG FUNCTIONS

THE UNIT CIRCLE IS ARGUABLY THE MOST POWERFUL VISUAL AID AND CONCEPTUAL TOOL FOR UNDERSTANDING TRIGONOMETRIC
FUNCTIONS IN COLLEGE ALGEBRA. IT IS A CIRCLE CENTERED AT THE ORIGIN (0,0) WITH A RADIUS OF 1. POINTS ON THE UNIT
CIRCLE ARE DEFINED BY THEIR COORDINATES (X, Y). THE BEAUTY OF THE UNIT CIRCLE LIES IN ITS ABILITY TO DEFINE THE
TRIGONOMETRIC FUNCTIONS FOR ANY ANGLE, NOT JUST THOSE WITHIN A RIGHT TRIANGLE. THIS GENERALIZATION IS ESSENTIAL
FOR EXPLORING ANGLES BEYOND 90 DEGREES AND UNDERSTANDING THE PERIODIC NATURE OF THESE FUNCTIONS.



DerINING TRIGONOMETRIC FUNCTIONS UsING THE UNIT CIRCLE

FOR ANY ANGLE $\THETA$ IN STANDARD POSITION, WHOSE TERMINAL SIDE INTERSECTS THE UNIT CIRCLE AT THE POINT (X, Y),
THE TRIGONOMETRIC FUNCTIONS ARE DEFINED AS FOLLOWS:

o SiNe ($\siIN \THETA$): THE Y-COORDINATE OF THE POINT ON THE UNIT CIRCLE, SO $\SIN \THETA = Y$.
o CosiNe ($\cos \THETA$): THE X-COORDINATE OF THE POINT ON THE UNIT CIRCLE, SO $\Cos \THETA = x$.

o TANGENT ($\TAN \THETA$): THE RATIO OF THE Y-COORDINATE TO THE X~-COORDINATE, SO $\TAN \THETA =
\rrAC{¥}{x3$, PrOVIDED $x \NEQ O%.

o CosecanT ($\csc \THETA$): THE RECIPROCAL OF THE SINE FUNCTION, SO $\csc \THETA = \FrrAc{ 1}{¥}$, PrROVIDED
$v \neq 0%

o SecANT ($\sec \THETA$): THE RECIPROCAL OF THE COSINE FUNCTION, SO $\sec \THETA = \rRAc{ 1}{x}$, PrOVIDED
$x \neQ 0%.

o CoTANGENT ($\coT \THETA$): THE RECIPROCAL OF THE TANGENT FUNCTION, SO $\coT \THETA = \rRAC{x}{Y}$,
PrOVIDED $v \NeQ O%.

ExamMPLES WITH THE UNIT CIRCLE

LET's consIDEr AN ANGLE oF $\FrRAac{\PI}{3}$ rADIANS (OrR 60 DEGREES). THE POINT ON THE UNIT CIRCLE CORRESPONDING TO
THIS ANGLE 1S $(\FRAC{ 13}{ 23}, \rRAC{\sQrT{3}}{2})$. USING THE DEFINITIONS ABOVE:

o $\sIN(\rrAC{\PI}{3}) = \rrac{\sqrT{3}}23}%
$\cos(\rrac{\P1}{33}) = \rrac{1}{2}%

$\TAN(\FRAC{\PI{33) = \rrac{\sqrT{3}/23{1/2} = \sqrT{3}%

$\csc(\rrac{\P1}{3}) = \rrAc{ 1}{\s@rT{3}/23} = \rrac{2}{\sqrT{3}}$

$\sec(\rrac{\P1I}{33}) = \rrac{13{1/2} = 2%

$\coT(\rrac{\Pi}{33}) = \rrac{1/23{\s@rT{3}/2} = \rrac{ 13}{\sqrT{3}}%

ANOTHER EXAMPLE IS AN ANGLE OF $\FRAC{3\PI1}{2}$ rADIANS (OR 270 DEGREES). THE POINT ON THE UNIT CIRCLE IS (O,
-1). HERE, WE ENCOUNTER A CASE WHERE THE DENOMINATOR FOR TANGENT, COSECANT, AND COTANGENT IS ZERO OR UNDEFINED.

$\sin(\rrAc{3\P1}{23}) = -1%

$\cos(\rrac{3\PIX{2}) = 0%

$\TAN(\FRAC{3\PI}{2})$ IS UNDEFINED BECAUSE THE X-COORDINATE IS O.

$\csc(\rrac{3\Pi}{2}) = \rrac{13}{-1}=-1%

$\sec(\rrAac{3\P1I}{2})$ IS UNDEFINED BECAUSE THE X-COORDINATE IS O.

$\coT(\rrAC{3\Pi}{2}) = \rrac{0}{-1} = 0%



Key TRIGONOMETRIC IDENTITIES AND THEIR APPLICATIONS

TRIGONOMETRIC IDENTITIES ARE EQUATIONS THAT ARE TRUE FOR ALL POSSIBLE VALUES OF THE VARIABLES FOR WHICH THE
EXPRESSIONS ARE DEFINED. IN COLLEGE ALGEBRA, MASTERING THESE IDENTITIES IS CRUCIAL FOR SIMPLIFYING COMPLEX
TRIGONOMETRIC EXPRESSIONS, SOLVING EQUATIONS, AND PROVING OTHER MATHEMATICAL RELATIONSHIPS. THESE FUNDAMENTAL
TRUTHS ALLOW US TO REWRITE TRIGONOMETRIC EXPRESSIONS IN DIFFERENT FORMS, OFTEN MAKING THEM EASIER TO WORK WITH.

THE PYTHAGOREAN IDENTITIES

THE PYTHAGOREAN IDENTITIES ARE DERIVED DIRECTLY FROM THE PYTHAGOREAN THEOREM AND THE UNIT CIRCLE DEFINITIONS.
THEY FORM THE BEDROCK OF TRIGONOMETRIC MANIPULATION:

o $\sIN*2 \THETA + \cos™2 \THETA = 1%
o $1 + \7aN"2 \THETA = \seC"2 \THETAS$

o $1 +\cot™2 \THeETA = \csc™2 \THETAS

THESE IDENTITIES ARE INCREDIBLY USEFUL FOR FINDING THE VALUE OF ONE TRIGONOMETRIC FUNCTION IF YOU KNOW THE VALUE
OF ANOTHER, PROVIDED YOU KNOW THE QUADRANT IN WHICH THE ANGLE LIES. FOR INSTANCE, IF $\cos \THETA =
\rRAC{3}{5}$ AnD $\THETAS IS IN QUADRANT IV, WE cAN FIND $\sIN \THETAS. USING $\sIN*2 \THETA + \cOS"2 \THETA
= 1%, we GeT $\sIN*2 \THETA + (\FRAC{3H{5E1"2 = 1%, so $\sIN*2 \THETA = 1 - \FRAC{93{25} = \rrac{163}{25]}$.
TAKING THE SQUARE ROOT, $\sIN \THETA = \PM \FRAC{4}{5}$. SINCE $\THETA$ IS IN QUADRANT IV, WHERE SINE IS
NEGATIVE, $\sIN \THETA = -\rrRAC{4 }{5}$.

ReciPRoCAL AND QUOTIENT IDENTITIES

WE'VE ALREADY TOUCHED UPON THE RECIPROCAL IDENTITIES IN THE UNIT CIRCLE DEFINITION. THE QUOTIENT IDENTITIES ARE
ALSO FUNDAMENTAL:

o $\7an \THETA = \FRAC{\sIN \THETA}{\COS \THETA}$

o $\coT \THETA = \FRAC{\cos \THETA{\SIN \THETA}$

THESE ARE INVALUABLE FOR REWRITING TANGENT AND COTANGENT IN TERMS OF SINE AND COSINE, WHICH CAN SIMPLIFY MANY
PROBLEMS, ESPECIALLY THOSE INVOLVING COMPLEX FRACTIONS OR REQUIRING A COMMON DENOMINATOR.

SuM AND DIFFERENCE, DOUBLE-ANGLE, AND HALF-ANGLE IDENTITIES

W/HILE PERHAPS MORE ADVANCED, COLLEGE ALGEBRA CURRICULA OFTEN INTRODUCE OR PREPARE STUDENTS FOR THESE
IDENTITIES. THE SUM AND DIFFERENCE IDENTITIES ALLOW US TO FIND TRIGONOMETRIC VALUES FOR THE SUM OR DIFFERENCE OF
TWO ANGLES, WHILE THE DOUBLE~-ANGLE AND HALF-ANGLE IDENTITIES ENABLE US TO FIND VALUES FOR ANGLES THAT ARE TWICE
OR HALF OF A KNOWN ANGLE. THESE ARE CRUCIAL FOR SOLVING MORE INTRICATE TRIGONOMETRIC EQUATIONS AND FOR
APPLICATIONS IN CALCULUS.



GRAPHING TRIGONOMETRIC FUNCTIONS: AMPLITUDE, PERIOD, AND PHASE
SHIFT

ONE OF THE MOST VISUALLY INTUITIVE ASPECTS OF TRIGONOMETRIC FUNCTIONS IS THEIR GRAPHICAL REPRESENTATION. IN
COLLEGE ALGEBRA, UNDERSTANDING HOW TO GRAPH FUNCTIONS LIKE $Y = A \sIN(Bx - C) + D$ AND $v = A \cos(Bx - C) +
D$ IS ESSENTIAL. THESE GRAPHS REVEAL THE PERIODIC NATURE OF THE FUNCTIONS AND ALLOW US TO ANALYZE THEIR
BEHAVIOR.

AMPLITUDE

THE AMPLITUDE OF A SINE OR COSINE FUNCTION IS HALF THE DISTANCE BETWEEN ITS MAXIMUM AND MINIMUM VALUES. I T
REPRESENTS THE “HEIGHT” OF THE WAVE FROM ITS MIDLINE. FOR THE GENERAL FORM $Y = A \sIN(Bx - C) + D$, THE AMPLITUDE
IS $|Al$. A LARGER ABSOLUTE VALUE OF A RESULTS IN A TALLER WAVE, WHILE A NEGATIVE VALUE OF A REFLECTS THE GRAPH
ACROSS THE MIDLINE.

PerioD

THE PERIOD OF A TRIGONOMETRIC FUNCTION IS THE HORIZONTAL LENGTH OF ONE COMPLETE CYCLE OF THE GRAPH. FOR SINE AND
COSINE FUNCTIONS, THE STANDARD PERIOD IS $2\P1$. HOWEVER, THE COEFFICIENT B IN $Y = A \sIN(Bx - C) + D$ AFFECTS
THE PERIOD. THE NEW PERIOD IS GIVEN BY $\FRAC{2\PiI}{|BI}$. A VALUE OF B GREATER THAN 1 COMPRESSES THE GRAPH
HORIZONTALLY, RESULTING IN A SHORTER PERIOD, WHILE A VALUE BETWEEN O AND 1 STRETCHES IT HORIZONTALLY, LEADING TO
A LONGER PERIOD.

PHASE SHIFT

THE PHASE SHIFT REFERS TO THE HORIZONTAL DISPLACEMENT OF THE GRAPH. IN THE GENERAL FORM $Y = A \siNn(Bx - C) + D$,
THE PHASE SHIFT IS DETERMINED BY THE TERM $(Bx - C)$. SETTING $Bx - C = 0% AND SOLVING FOR X GIVES THE STARTING
POINT OF THE CYCLE. THE PHASE SHIFT IS $\FRAC{C}{BJ}$. A POSITIVE PHASE SHIFT MOVES THE GRAPH TO THE RIGHT, AND A
NEGATIVE PHASE SHIFT MOVES IT TO THE LEFT.

VERTICAL SHIFT

THE CONSTANT D IN THE GENERAL FORM REPRESENTS THE VERTICAL SHIFT OF THE GRAPH. |T SHIFTS THE ENTIRE GRAPH UP OR
DOWN. THE MIDLINE OF THE GRAPH IS NO LONGER THE X=AXIS, BUT RATHER THE HORIZONTAL LINE $y = D$. A POSITIVE VALUE
OF D SHIFTS THE GRAPH UP\WARD, AND A NEGATIVE VALUE SHIFTS IT DOWNW ARD.

ExAMPLE GRAPHING PROBLEM

LET'S CONSIDER GRAPHING THE FUNCTION $v = 2 \sIN(3x - \p1) + 1$. HerE:
o AmpLITUDE ($|Al$) = $|2| = 2%.
o Periop ($\rrAc{2\PI}{|B[}$) = $\rFrac{2\rPi}{3}$.

o PHase SHIFT ($\rrRAc{CHBI}$) = $\rrac{\P1}{33}$ (To THE RIGHT).



o VErTICAL SHIFT (D) = 1 (UPWARD).

TO GRAPH THIS, WE WOULD START BY IDENTIFYING THE MIDLINE $Y = 1$. THEN, WE'D LOCATE THE STARTING POINT OF THE
cvcLe AT $x = \rrAc{\PI}{3}$. THE GRAPH WOULD EXTEND FOR ONE FULL CYCLE OVER A HORIZONTAL DISTANCE OF
$\FrRAC{2\P1}{3}$, REACHING A MAXIMUM OF $1 + 2 = 3% AND A MINIMUM OF $1 - 2 = -1$. THE STANDARD SINE WAVE
SHAPE WOULD BE STRETCHED VERTICALLY BY A FACTOR OF 2, COMPRESSED HORIZONTALLY BY A FACTOR OF 3, AND SHIFTED
UP BY 1 UNIT AND RIGHT BY $\FRAC{\PI}{33}$ UNITS.

SOLVING TRIGONOMETRIC EQUATIONS: EXAMPLES AND STRATEGIES

SOLVING TRIGONOMETRIC EQUATIONS IN COLLEGE ALGEBRA INVOLVES FINDING THE VALUES OF THE VARIABLE (USUALLY AN
ANGLE) THAT MAKE THE EQUATION TRUE. THIS OFTEN REQUIRES A COMBINATION OF ALGEBRAIC MANIPULATION, THE USE OF
IDENTITIES, AND AN UNDERSTANDING OF THE UNIT CIRCLE OR GRAPHING TECHNIQUES.

BAsic EXAMPLES

ConsIDER THE EQUATION $\siN x = \rRAC{ 13{2}$. WE ARE LOOKING FOR ANGLES $x$ WHOSE SINE IS $\FRAC{ 1}{2}$. FrROM
OUR KNOWLEDGE OF THE UNIT CIRCLE, WE kNOW THAT $x = \FRAC{\PI}{6}$ AnD $x = \rRAC{5\PI}{6}$ ARE SOLUTIONS IN
THE INTERVAL $[0, 2\P1)$. SINCE THE SINE FUNCTION IS PERIODIC WITH A PERIOD OF $2\PI$, THE GENERAL SOLUTION IS $X =
\FRAC{\PI}{63} + 2n\Pi1$ AND $x = \FRAC{5\PI}{ 6} + 2N\PI$, WHERE $N$ IS ANY INTEGER.

Now consiper $\cos x = -\rRAc{\s@rT{3}}{2}$. THe AncLES IN $[0, 2\P1)$ wHOSE cosine is $-\FRAC{\sQrT{3}}{2}$
ARE $x = \FRAC{5\P1}{63$ anD $x = \Frrac{7\P1I}{6}$. THE GENERAL soLUTION Is $x = \FRAC{5\PiI}{6} + 2n\PI$ AND $X
= \rRAC{7\PI}{6} + 2N\PI$, WHERE $N$ IS ANY INTEGER.

EQUATIONS REQUIRING ALGEBRAIC MANIPULATION

LET's soLVE $2\cos”2 x - 1 = 0$. FIrsT, WEe ISOLATE $\cos”2 x$: $\cos”2 x = \FrRac{ 1}{2}$. TAKING THE SQUARE
ROOT oF BOTH SIDES, WE GET $\cos x = \pM \rrRAc{ 1}{\s@rT{2}} = \PM \rrAc{\s@rT{2}}{2}$.

e For $\cos x = \rrRac{\srT{2}3}{2}$, THe soLuTIONS IN $[0, 2\P1)$ ARE $x = \rRAC{\PI}{4}$ AnD $x =
\rrAc{7\P1}{4}$.

e For $\cos x = -\rrRac{\sQrT{2}}{2}$, THE soLuTIONS IN $[0, 2\P)$ ARE $x = \FRAC{3\PI}{4}$ AND $x =
\rrAC{5\P1}{4]}$.

THe GENERAL SOLUTIONS ARE $x = \rRAC{\P1}{4]} + \FRAC{N\PI}{2}$, WHERE $N$ IS AN INTEGER. THIS COMPACT FORM
CAPTURES ALL FOUR SETS OF SOLUTIONS.

EQUATIONS REQUIRING IDENTITIES

CONSIDER THE EQUATION $\sIN x + \cos x = 0%. WE CAN REWRITE THIS AS $\sIN x = -\cos x$. IF $\cos x \Neq 0%, we
CAN DIVIDE BOTH SIDES BY $\cos x$ To GeT $\rRAC{\sIN x}{\cos x} = -1%, wHicH MEANS $\TAN X = -1$. THE SOLUTIONS
ForR $\TAN x = -1% INn $[0, 2\P1)$ Are $x = \FRAC{3\P1}{4}$ AND $x = \FRAC{7\P1}{4}$. THE GENERAL SOLUTION IS $x =
\FRAC{3\P1}{4} + N\PI$, WHERE $N$ IS AN INTEGER. WE MUST ENSURE THAT $\cos x \NEQ O% FOR THESE ANGLES, WHICH IS



TRUE FOR THE SOLUTIONS \WWE FOUND.

ReAL-\Y/ ORLD APPLICATIONS OF TRIG FUNCTIONS IN COLLEGE ALGEBRA

THE SEEMINGLY ABSTRACT CONCEPTS OF TRIGONOMETRIC FUNCTIONS FIND EXTENSIVE APPLICATION IN NUMEROUS REAL-WORLD
SCENARIOS. UNDERSTANDING THESE APPLICATIONS HIGHLIGHTS THE PRACTICAL IMPORTANCE OF COLLEGE ALGEBRA TRIG
FUNCTIONS EXAMPLES IN MODELING AND SOLVING PROBLEMS ACROSS VARIOUS DISCIPLINES.

PHYSICS AND ENGINEERING

TRIGONOMETRIC FUNCTIONS ARE FUNDAMENTAL IN DESCRIBING WAVE PHENOMENA. THIS INCLUDES:

® SOUND WAVES AND LIGHT WAVES, WHICH ARE OFTEN MODELED USING SINE AND COSINE FUNCTIONS.

e OSCILLATORY MOTION, SUCH AS THE SWINGING OF A PENDULUM OR THE VIBRATION OF A SPRING, WHERE AMPLITUDE,
FREQUENCY (RELATED TO PERIOD)I AND PHASE ARE KEY CHARACTERISTICS.

e ALTERNATING CURRENT (AC) CIRCUITS, WHERE VOLTAGE AND CURRENT ARE SINUSOIDAL.

NAVIGATION AND SURVEYING

THE PRINCIPLES OF TRIGONOMETRY ARE ESSENTIAL FOR DETERMINING DISTANCES AND POSITIONS. EXAMPLES INCLUDE:

e CALCULATING DISTANCES ACROSS BODIES OF WATER OR INACCESSIBLE TERRAIN USING TRIANGULATION.
o DETERMINING THE BEARING AND POSITION OF SHIPS AND AIRCRAFT.

o CREATING MAPS AND GEOGRAPHICAL REPRESENTATIONS.

ASTRONOMY

TRIGONOMETRY PLAYS A VITAL ROLE IN UNDERSTANDING CELESTIAL MECHANICS AND POSITIONS:

e CALCULATING THE POSITIONS OF STARS AND PLANETS.
o DETERMINING THE DISTANCES TO CELESTIAL OBJECTS.

® MODELING THE ORBITS OF SATELLITES AND PLANETS.

CoMPUTER GRAPHICS AND GAME DEVELOPMENT



IN THE REALM OF VISUAL COMPUTING, TRIGONOMETRY IS USED FOR:

o ROTATING AND TRANSFORMING 2D AND 3D OBJECTS.
® SIMULATING PHYSICAL INTERACTIONS AND ANIMATIONS.

® RENDERING REALISTIC LIGHTING EFFECTS.

EconoMics AND FINANCE

W/HILE LESS DIRECT, TRIGONOMETRIC CONCEPTS CAN APPEAR IN MODELS THAT EXHIBIT CYCLICAL BEHAVIOR, SUCH AS!

® MODELING SEASONAL TRENDS IN MARKETS.

e ANALYZING FINANCIAL INSTRUMENTS WITH PERIODIC PAYOFFS.

ADVANCED TRIGONOMETRIC CONCEPTS

BEYOND THE CORE DEFINITIONS AND APPLICATIONS, COLLEGE ALGEBRA MAY INTRODUCE STUDENTS TO MORE ADVANCED
TRIGONOMETRIC TOPICS THAT BUILD UPON THE FOUNDATIONAL UNDERSTANDING. THESE OFTEN PAVE THE WAY FOR FURTHER
STUDY IN CALCULUS AND DIFFERENTIAL EQUATIONS.

INVERSE TRIGONOMETRIC FUNCTIONS

INVERSE TRIGONOMETRIC FUNCTIONS (ARCSINE, ARCCOSINE, ARCTANGENT, ETC.) ARE THE COUNTERPARTS TO THE STANDARD
TRIGONOMETRIC FUNCTIONS. THEY ANSWER THE QUESTION: “\WHAT ANGLE HAS A GIVEN TRIGONOMETRIC VALUE?” FOR
exaMpLE, $\ARCSIN(\FRAC{ 1}{2}) = \rRAC{\PI}{6}$. UNDERSTANDING THEIR DOMAINS AND RANGES IS CRUCIAL, AS THEY ARE
ESSENTIAL FOR SOLVING EQUATIONS WHERE THE UNKNOWN ANGLE IS NOT A SIMPLE MULTIPLE OF $\PI$. THESE FUNCTIONS ARE
INDISPENSABLE FOR FINDING PRINCIPAL VALUES AND SOLVING EQUATIONS THAT YIELD ANGLES OUTSIDE THE STANDARD $[0,
2\P1)$ RANGE.

PoLAR COORDINATES

POLAR COORDINATES OFFER AN ALTERNATIVE SYSTEM FOR DESCRIBING POINTS IN A PLANE, USING A DISTANCE FROM THE ORIGIN
(rADIUS, $R$) AND AN ANGLE FROM THE POSITIVE X-AXIS ($\THETA$). TRIGONOMETRIC FUNCTIONS ARE FUNDAMENTAL TO
CONVERTING BETWEEN POLAR AND CARTESIAN (RECTANGULAR) COORDINATES. THE RELATIONSHIPS ARE GIVEN BY $X =R \cos
\THETAS AND $v = R \SIN \THETAS, AND $R"2 = x"2 + ¥ 2%, $\TAN \THETA = \FRAC{Y}{x}$. THIS CONVERSION IS VITAL
FOR SIMPLIFYING CERTAIN TYPES OF EQUATIONS AND FOR DESCRIBING CURVES THAT ARE MORE NATURALLY REPRESENTED IN
POLAR FORM, SUCH AS SPIRALS AND CARDIOIDS.

TRIGONOMETRIC SUBSTITUTION IN INTEGRATION

ALTHOUGH TYPICALLY ENCOUNTERED IN CALCULUS, THE CONCEPT OF TRIGONOMETRIC SUBSTITUTION IS ROOTED IN THE



ALGEBRAIC MANIPULATION OF TRIGONOMETRIC FUNCTIONS. CERTAIN INTEGRALS INVOLVING EXPRESSIONS LIKE $\sQrT{A"2 -
x"2}$, $\sQrT{A"2 + x"2}$, or $\sQrRT{X"2 - A"2}$ CAN BE SIMPLIFIED BY SUBSTITUTING $X$ WITH A TRIGONOMETRIC
FUNCTION OF A NEW VARIABLE. FOR INSTANCE, IF THE EXPRESSION INVOLVES $\SQRT{A"2 - x"2}$, A SUBSTITUTION LIKE $X
= A \sIN \THETA$ CAN TRANSFORM THE RADICAL INTO $A \COS \THETA$, SIMPLIFYING THE INTEGRATION PROCESS. THIS
DEMONSTRATES THE POWER OF TRIGONOMETRIC FUNCTIONS IN TRANSFORMING COMPLEX ALGEBRAIC PROBLEMS INTO MORE
MANAGEABLE FORMS.

ComMpLEX NUMBERS AND EULER'S FORMULA

TRIGONOMETRIC FUNCTIONS ARE INTIMATELY LINKED WITH COMPLEX NUMBERS THROUGH EULER'S FORMULA, $EA{I\THETA} =
\COS \THETA +1 \SIN \THETA$. THIS REMARKABLE RELATIONSHIP CONNECTS THE EXPONENTIAL FUNCTION WITH TRIGONOMETRIC
FUNCTIONS, PROVIDING A POWERFUL TOOL FOR ANALYZING AND MANIPULATING COMPLEX NUMBERS. IT HAS PROFOUND
IMPLICATIONS IN FIELDS LIKE ELECTRICAL ENGINEERING, SIGNAL PROCESSING, AND QUANTUM MECHANICS, SHOWCASING THE FAR~
REACHING IMPACT OF TRIGONOMETRIC PRINCIPLES.

Q: WHAT ARE THE FUNDAMENTAL TRIGONOMETRIC FUNCTIONS TAUGHT IN COLLEGE
ALGEBRA?

A: THE FUNDAMENTAL TRIGONOMETRIC FUNCTIONS TAUGHT IN COLLEGE ALGEBRA ARE SINE, COSINE, TANGENT, COSECANT,
SECANT, AND COTANGENT. THESE ARE DEFINED USING THE UNIT CIRCLE AND RELATE ANGLES TO RATIOS OF SIDES IN RIGHT
TRIANGLES.

QZ How DOES THE UNIT CIRCLE HELP IN UNDERSTANDING TRIGONOMETRIC FUNCTIONS?

A: THE UNIT CIRCLE IS A CIRCLE WITH A RADIUS OF 1 CENTERED AT THE ORIGIN. |T ALLOWS FOR THE DEFINITION OF
TRIGONOMETRIC FUNCTIONS FOR ANY ANGLE, NOT JUST ACUTE ANGLES IN A RIGHT TRIANGLE, BY USING THE X AND Y
COORDINATES OF POINTS ON THE CIRCLE. THIS PROVIDES A COMPREHENSIVE UNDERSTANDING OF THEIR BEHAVIOR ACROSS ALL
QUADRANTS.

Q: WHAT ARE THE MOST IMPORTANT TRIGONOMETRIC IDENTITIES FOR COLLEGE
ALGEBRA?P

A: THE MOST CRUCIAL TRIGONOMETRIC IDENTITIES FOR COLLEGE ALGEBRA ARE THE PYTHAGOREAN IDENTITIES ($\SIN*2 \THETA
+\cos™2 \tHETA = 1%, $1 + \TAN"2 \THETA = \sec™2 \THETAS, $1 + \coT™2 \THETA = \csC”2 \THETAS), THE
RECIPROCAL IDENTITIES (E.G., $\csc \THETA = 1/\sIN \THETA$), AND THE QUOTIENT IDENTITIES (E.G., $\TAN \THETA = \sIN
\THETA / \cos \THETAS$).

Q: How po AMPLITUDE , PERIOD, AND PHASE SHIFT AFFECT THE GRAPH OF A
TRIGONOMETRIC FUNCTION?

A: AMPLITUDE AFFECTS THE VERTICAL STRETCH OR COMPRESSION OF THE GRAPH, DETERMINING ITS HEIGHT. THE PERIOD AFFECTS
THE HORIZONTAL STRETCH OR COMPRESSION, DETERMINING THE LENGTH OF ONE COMPLETE CYCLE. PHASE SHIFT IS THE
HORIZONTAL TRANSLATION OF THE GRAPH, SHIFTING IT LEFT OR RIGHT.

QI \WHAT STRATEGIES ARE USED TO SOLVE TRIGONOMETRIC EQUATIONS IN COLLEGE



ALGEBRA?P

A: SOLVING TRIGONOMETRIC EQUATIONS TYPICALLY INVOLVES ISOLATING THE TRIGONOMETRIC FUNCTION, USING IDENTITIES TO
SIMPLIFY THE EQUATION, EMPLOYING INVERSE TRIGONOMETRIC FUNCTIONS, AND CONSIDERING THE PERIODICITY OF THE FUNCTIONS
TO FIND ALL POSSIBLE SOLUTIONS WITHIN A GIVEN INTERVAL OR GENERAL SOLUTIONS.

Q: CAN YOU PROVIDE AN EXAMPLE OF A REAL-WORLD APPLICATION OF TRIGONOMETRIC
FUNCTIONS?

A: A COMMON REAL-WORLD APPLICATION IS IN PHYSICS, WHERE TRIGONOMETRIC FUNCTIONS ARE USED TO MODEL WAVE
PHENOMENA, SUCH AS SOUND WAVES OR LIGHT WAVES, AND OSCILLATORY MOTION LIKE THE SWINGING OF A PENDULUM.

QZ \WHAT ARE INVERSE TRIGONOMETRIC FUNCTIONS AND WHY ARE THEY IMPORTANT?

A: INVERSE TRIGONOMETRIC FUNCTIONS, SUCH AS ARCSINE AND ARCCOSINE, ARE THE INVERSE OPERATIONS OF THE STANDARD
TRIGONOMETRIC FUNCTIONS. THEY ARE IMPORTANT BECAUSE THEY ALLOW US TO FIND THE ANGLE WHEN WE KNOW THE VALUE
OF A TRIGONOMETRIC RATIO, WHICH IS ESSENTIAL FOR SOLVING MANY TRIGONOMETRIC EQUATIONS AND IN APPLICATIONS
REQUIRING ANGLE CALCULATIONS.
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