closure properties of regular languages

The closure properties of regular languages are fundamental concepts in automata theory
and formal language theory. Understanding these properties is crucial for comprehending
the power and limitations of regular languages and the machines that recognize them,
such as finite automata. These properties dictate how operations applied to regular
languages result in new languages that are also regular. This article will delve into the
various closure properties, demonstrating with explanations and examples how
fundamental operations like union, concatenation, Kleene star, intersection,
complementation, and difference preserve regularity. We will explore the theoretical
underpinnings and practical implications of these closure properties, providing a
comprehensive overview for students, researchers, and practitioners in computer science.
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Introduction to Closure Properties of Regular
Languages

Closure properties of regular languages represent a cornerstone of formal language
theory, providing insights into the robust nature of these precisely defined sets of strings.
In essence, closure properties signify that when certain operations are performed on
languages that are already classified as regular, the resulting language also possesses the
property of being regular. This invariance under specific operations is what makes regular
languages so well-behaved and amenable to algorithmic analysis and manipulation. The
predictability offered by these properties is vital for designing compilers, text editors,
network protocols, and various other computational systems where pattern matching and
language recognition are paramount.

Understanding these properties allows us to prove that a language is indeed regular, even
if its direct construction via a finite automaton or regular expression is not immediately
obvious. By demonstrating that a given language can be obtained from known regular
languages through a sequence of operations that preserve regularity, we can establish its
regularity. Conversely, if a language is not closed under an operation known to preserve
regularity, it can be a powerful hint that the language itself might not be regular. This
article will meticulously explore these essential closure properties, illuminating their
theoretical significance and practical applications.



Closure Under Union

One of the most basic closure properties of regular languages is their closure under the
union operation. This means that if we have two regular languages, say L1 and L2, then
their union, denoted as L1 U L2, is also a regular language. This property is intuitively
understandable because regular languages can be represented by finite automata (FAs) or
regular expressions. If we have an FA for L1 and an FA for L2, we can construct a new FA
that accepts the union of the strings accepted by the original two FAs.

To formally prove this, consider two finite automata, M1 = (Q1, %, 61, g1, F1) and M2 =
(Q2, %, 62, g2, F2), which accept languages L1 and L2, respectively. We can construct a
new non-deterministic finite automaton (NFA), M = (Q, Z, 6, q0, F), where:

¢ Q = Q1 x Q2 (the Cartesian product of the states of M1 and M?2)
e 3 is the input alphabet
e g0 = (g1, g2) (the initial state is the pair of initial states of M1 and M?2)

e F={(p,q) € Q|pe€Florqge F2} (the set of final states includes any state pair
where at least one component state is a final state in its respective automaton)

e 8((p, q),a) ={(p', q") | p' € 61(p, a) and q' € 62(q, a)} for any state (p, q) € Q and
input symbol a € . (The transitions in the new automaton move in parallel in both
original automata.)

This constructed NFA M accepts a string w if and only if w is accepted by either M1 or
M2, thus accepting L1 U L2. Since we can construct an NFA for the union, and any NFA
can be converted into an equivalent DFA (Deterministic Finite Automaton), L1 U L2 is
proven to be a regular language.

Closure Under Concatenation

Regular languages are also closed under concatenation. If L1 and L2 are regular
languages, then their concatenation, L1L2, which consists of all strings formed by taking a
string from L1 and appending a string from L2, is also a regular language. This property
can be demonstrated using finite automata as well.

Given two DFAs, M1 accepting L1 and M2 accepting L2, we can construct an NFA for
L1L2. A common method involves modifying M1. We can create a new NFA by adding
transitions from the final states of M1 to the initial state of M2. Specifically, for every final
state g fin M1, we add an e-transition (a transition without consuming an input symbol)
from g f to the initial state of M2. The final states of the new NFA would then be the final
states of M2. This construction allows the automaton to process a string from L1, and
upon reaching a final state in M1, it can non-deterministically transition to the start of M2



to process a string from L2. If both parts are successfully processed, the entire string is
accepted.

Alternatively, regular expressions provide a more straightforward way to see this. If R1 is
a regular expression for L1 and R2 is a regular expression for L2, then the regular
expression R1R2 directly represents the language L1L2. Since regular expressions can
always be converted to finite automata, and vice-versa, this reinforces the closure
property.

Closure Under Kleene Star

The set of regular languages is also closed under the Kleene star operation. If L is a
regular language, then its Kleene star, denoted by L, which represents any finite sequence
of zero or more concatenations of strings from L (including the empty string €), is also a
regular language. This means L=L"0 U L"1 UL”2 U ..., where L”0 = {€} and L"n =
LL...L (n times).

To illustrate this with finite automata, consider a DFA M accepting a regular language L.
We can construct an NFA for L by adding an e-transition from each final state of M back to
its initial state, and by making the initial state of M also a final state. This modification
allows the automaton to accept the empty string (if the initial state was already final) or to
loop through accepting strings from L any number of times before accepting. The ability to
loop back to the start or remain in a final state and accept the empty string captures the
essence of the Kleene star.

In terms of regular expressions, if R is a regular expression for L, then R is the regular
expression for L. This direct correspondence simplifies the understanding of this closure

property.

Closure Under Intersection

Another vital closure property is that regular languages are closed under intersection. If
L1 and L2 are regular languages, then their intersection, L1 N L2, which contains all
strings that are present in both L1 and L2, is also a regular language. This is a
consequence of De Morgan's laws and the closure under complementation, which we will
discuss later.

The proof often involves constructing a new DFA that simulates the behavior of two DFAs
simultaneously. Given DFAs M1 = (Q1, X, 61, q1, F1) and M2 = (Q2, %, 62, g2, F2)
accepting L1 and L2 respectively, we can construct a DFAM = (Q, %, 6, g0, F) for L1 n L2
as follows:

* Q=0Q1xQ2



e X is the input alphabet

* q0 = (ql, q2)

e F={(p,q) €Q|pe€Fland g € F2} (the set of final states includes only those state
pairs where both component states are final states in their respective automata)

e 6((p, ), a) = (61(p, a), 62(q, a)) for any state (p, q) € Q and input symbol a € X.

This machine accepts a string w if and only if w is processed by both M1 and M2
simultaneously and ends in a state that is final in both original automata. Therefore, M
accepts L1 n L2.

Closure Under Complementation

Regular languages are also closed under complementation. If L is a regular language over
an alphabet %, then its complement, denoted as X \ L (all strings over X that are not in L),
is also a regular language. This property is crucial for many theoretical proofs and
practical applications.

The proof is straightforward if we consider a DFA M = (Q, Z, 6, g0, F) that accepts a
regular language L. To construct a DFA that accepts the complement of L, we can simply
modify M. Let M' be a new DFA with the same states, alphabet, transition function, and
initial state as M. However, the set of final states in M' is the set of all states in Q that are
not final states in M. That is, F' = Q \ F. This modified DFA M' will accept any string that
causes M to end in a non-final state, and reject any string that causes M to end in a final
state. Therefore, M' accepts X \ L, proving that the complement of a regular language is
also regular.

Closure Under Difference

The closure property under difference states that if L1 and L2 are regular languages, then
their difference, L1 \ L2 (all strings in L1 that are not in L2), is also a regular language.
This property can be derived from the closure under intersection and complementation.

We can express the set difference L1 \ L2 as the intersection of L1 with the complement of
L2. Mathematically, this is: L1 \ L2 = L1 n (2 \ L2). Since regular languages are closed
under complementation, ¥ \ L2 is a regular language if L2 is regular. Furthermore, since
regular languages are closed under intersection, the intersection of L1 (which is regular)
and (Z \ L2) (which is also regular) will result in a regular language. Thus, L1 \ L2 is
regular.

This ability to subtract one regular language from another without losing regularity is very
powerful in language manipulation and parsing.



Closure Under Reversal

Regular languages are also closed under the reversal operation. If L is a regular language,
then its reversal, denoted as L™ R (formed by reversing every string in L), is also a regular
language. This property is particularly useful in understanding the symmetry of regular
languages.

A proof can be constructed by starting with a finite automaton M that accepts L. We can
then construct a new NFA MR that accepts L™ R. The construction involves:

e Swapping the roles of initial and final states.
e Reversing the direction of all transitions.

e Introducing new initial and final states.

More precisely, if M = (Q, %, 6, g0, F) accepts L, we construct M™R = (Q', %, 6', ' 0, F').
The set of states Q' is Q plus a new initial state ' 0 and potentially new final states if M
had multiple final states. The initial state of M~ R is a new state q' 0, with e-transitions to
all original final states of M. The final states of M”™R are the original initial state of M (if it
was not already a final state) and potentially other states. The transitions are reversed: if
there was a transition 6(p, a) = q, then in M™R there will be a transition from q to p for
input a (or € if we manage transitions carefully). The proof details can become intricate
but establish that a regular language's reversal is always regular.

Closure Under Homomorphism

A homomorphism is a function h: ¥ — A that preserves the structure of strings. If L is a
regular language and h is a homomorphism, then the image of L under h, denoted as h(L)
= {h(w) | w € L}, is also a regular language. This demonstrates that homomorphisms,
which can be seen as a form of "renaming" or "erasing" symbols, preserve regularity.

The proof can be done by induction on the structure of the regular expression for L. If L is
accepted by a DFA M = (Q, %, 6, q0, F), we can construct a new DFA M' for h(L). The
states of M' are the same as M. For each transition 6(p, a) = q in M, we define transitions
in M' based on the images of the string symbols under h. If h(a) is a single symbol b, we
have a transition from p to q on input b. If h(a) is a string of symbols, say 'xy’, then we
would simulate processing 'x' followed by 'y'. This can be managed by ensuring that
transitions in M' are defined over strings corresponding to h(a). Effectively, we build a
new automaton whose transitions are labeled by strings (which can be handled by
simulating another automaton within the transitions), and it can be shown that this new
automaton is equivalent to a finite automaton.



Conclusion on the Significance of Closure
Properties

The closure properties of regular languages are not merely theoretical curiosities; they
form the bedrock upon which much of our understanding of formal languages and
computation is built. Their invariance under a wide array of operations—union,
concatenation, Kleene star, intersection, complementation, difference, reversal, and
homomorphism—endows regular languages with a predictable and manageable structure.
This predictability is indispensable for practical applications in areas such as lexical
analysis in compilers, pattern matching in text editors and search engines, and network
protocol design.

These properties provide powerful tools for proving both the regularity and irregularity of
languages. If a language can be shown to be obtainable from known regular languages
through these operations, its regularity is established. Conversely, if a language fails to
exhibit closure under an operation that is known to preserve regularity, it strongly
suggests that the language is not regular. The ability to manipulate and combine regular
languages with confidence that the result remains within the class of regular languages
simplifies complex language-processing tasks and facilitates the formal verification of
system behavior. Ultimately, the closure properties highlight the elegance and power of
the regular language class in theoretical computer science.

FAQ

Q: Why are closure properties important for regular
languages?

A: Closure properties are crucial because they demonstrate that when you perform
standard operations (like union, concatenation, or intersection) on regular languages, the
resulting language is also guaranteed to be regular. This predictability is essential for
proving languages are regular, designing algorithms that process languages, and
understanding the limitations of regular language recognition.

Q: Can you give an example of how closure under union
is used?

A: If you are building a lexical analyzer for a programming language, you might have
separate regular expressions for recognizing keywords (e.g., "if", "while") and identifiers.
Since each of these is a regular language, their union (using the | operator in regular
expressions) will also be a regular language, representing all possible keywords or
identifiers.



Q: How does closure under intersection help in proving
a language is NOT regular?

A: If you have a language L that you suspect is not regular, and you can show that L = L1
N L2, where L1 is a known regular language, and L2 is a language that is proven to be
non-regular, it doesn't directly help prove L is non-regular. However, if you can show that
L1 Nn L =1L2and L1 and L are regular, but L2 is not, then L must be non-regular. More
commonly, closure properties are used to prove regularity. If you can express a complex
language as a combination of regular languages using these operations, you prove its
regularity.

Q: What is the relationship between closure under
complementation and closure under difference?

A: Closure under difference can be derived from closure under complementation and
intersection. The difference L1 \ L2 is equivalent to L1 n (£ \ L2), where X\ L2 is the
complement of L2. Since regular languages are closed under complementation and
intersection, they are also closed under difference.

Q: Does closure under reversal mean that if a language
is context-free, its reversal is also context-free?

A: Yes, context-free languages are also closed under reversal, similar to regular
languages. However, closure properties differ between language classes. For example,
context-free languages are not closed under intersection or complementation, unlike
regular languages.

Q: How is closure under homomorphism useful in
practical applications?

A: Homomorphisms are useful for tasks like translating or simplifying languages. For
instance, if you have a regular language representing a set of commands in a complex
protocol, a homomorphism could be used to map these commands to a simpler,
standardized set of internal operations, and the resulting set of internal operations will
still form a regular language.

Q: Are there any common operations for which regular
languages are NOT closed?

A: Yes, regular languages are not closed under operations like the set of all prefixes of a
regular language, or the set of all suffixes of a regular language. For instance, the
language {a”n b”n | n >= 0} is not regular, but it is the set of all prefixes of the regular
language (a+Db). Also, regular languages are not closed under arbitrary concatenation or
arbitrary union of infinitely many languages.
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