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Understanding the Closure of a Relation in
Discrete Mathematics
closure of a relation discrete math is a fundamental concept in set theory and discrete
mathematics, crucial for understanding the properties of relations on sets. When we speak of a
relation on a set, we are essentially describing how elements of that set are connected or compared.
However, many useful mathematical structures arise when we consider relations that possess
specific closure properties, such as reflexivity, symmetry, and transitivity. The closure of a relation
involves augmenting the original relation with the minimal number of additional ordered pairs
necessary to satisfy a desired property. This process is not merely an academic exercise; it has
profound implications in areas like graph theory, database theory, and algorithm design. This article
will delve deeply into the concept of relation closure, exploring its definition, different types of
closures, methods for computing them, and their significance in various mathematical and
computational contexts.
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Understanding the Concept of Relation Closure

In discrete mathematics, a relation R on a set A is formally defined as a subset of the Cartesian
product A x A. This means that a relation consists of a collection of ordered pairs (a, b) where both
'a' and 'b' are elements of set A. These pairs indicate that there is a specific relationship between 'a'
and 'b'. For instance, on the set of integers, the relation "less than" ( < ) is a set of pairs like (1, 2),
(2, 3), and so on. While we can analyze relations as they are, many problems and theoretical
constructs become more manageable and powerful when relations exhibit certain inherent
properties. These properties, like reflexivity (an element is related to itself), symmetry (if a is related
to b, then b is related to a), and transitivity (if a is related to b and b is related to c, then a is related
to c), are often not present in an arbitrary relation.

The concept of closure addresses this by providing a systematic way to "complete" a given relation.
Instead of discarding a relation that lacks a desired property, we can compute its closure with
respect to that property. This closure is the smallest possible superset of the original relation that
does possess the specified characteristic. It's like taking a partial drawing and adding the minimum
necessary lines to make it a complete shape. This minimal addition is key – we don't want to
introduce extraneous relationships that weren't implied by the original set of connections. The
process ensures that the resulting closed relation is the most direct and efficient extension of the
initial one, preserving its underlying structure while adding the required properties.

Defining Relation Closure

Formally, let R be a relation on a set A. For a specific property P (e.g., reflexivity, symmetry,
transitivity), the P-closure of R, denoted as R_P, is defined as the smallest relation on A such that R
is a subset of R_P, and R_P satisfies property P. The "smallest relation" implies that if S is any other
relation on A that contains R and satisfies property P, then R_P must be a subset of S. This "smallest"
characteristic is achieved by adding only those ordered pairs to R that are absolutely essential to
establish property P, based on the existing pairs in R. It’s about ensuring the most economical
inclusion of new relationships.



The process of finding the closure often involves iterative steps or specific algorithms designed to
identify and add the missing ordered pairs. For instance, to achieve transitivity, if we have pairs (a,
b) and (b, c) in our relation, we must add the pair (a, c) if it's not already present. This might then
necessitate adding further pairs if the newly added (a, c) pair, combined with other existing pairs,
implies the need for even more connections. This iterative expansion continues until no more pairs
need to be added to satisfy the desired property, at which point the relation is considered "closed"
with respect to that property.

Types of Relation Closure

Several types of relation closures are of paramount importance in discrete mathematics, each
corresponding to a fundamental property of relations. These closures allow us to transform a given
relation into one that exhibits specific desirable characteristics, making it more amenable to analysis
and application.

Reflexive Closure

A relation R on a set A is reflexive if for every element 'a' in A, the ordered pair (a, a) is in R. The
reflexive closure of a relation R on a set A, denoted as R_ref, is obtained by adding all pairs (a, a) for
every element 'a' in A to the original relation R. Formally, R_ref = R ∪ {(a, a) | a ∈ A}. This means
we take all the existing pairs in R and union them with the set of all possible self-referential pairs for
the elements in A. This operation is straightforward and ensures that every element in the set is
related to itself in the resulting relation.

For example, if A = {1, 2, 3} and R = {(1, 2), (2, 3)}, then the reflexive closure R_ref would be R ∪
{(1, 1), (2, 2), (3, 3)} = {(1, 1), (1, 2), (2, 2), (2, 3), (3, 3)}. This augmented relation now guarantees
that each element is related to itself, fulfilling the definition of reflexivity.

Symmetric Closure

A relation R on a set A is symmetric if whenever (a, b) is in R, then (b, a) must also be in R. The
symmetric closure of a relation R on a set A, denoted as R_sym, is obtained by adding to R all the
"reverse" pairs (b, a) for every pair (a, b) that exists in R. Formally, R_sym = R ∪ {(b, a) | (a, b) ∈ R}.
This operation ensures that if a connection exists in one direction, a corresponding connection exists
in the opposite direction.

Consider A = {1, 2, 3} and R = {(1, 2), (2, 1), (1, 3)}. To find the symmetric closure R_sym, we look
at each pair in R. For (1, 2), we need to ensure (2, 1) is present, which it is. For (2, 1), we need (1,
2), which is also present. For (1, 3), we need (3, 1). Since (3, 1) is not in R, we add it. Thus, R_sym =
R ∪ {(3, 1)} = {(1, 2), (2, 1), (1, 3), (3, 1)}.



Transitive Closure

A relation R on a set A is transitive if for any elements a, b, and c in A, whenever (a, b) ∈ R and (b, c)
∈ R, it must follow that (a, c) ∈ R. The transitive closure of a relation R on a set A, denoted as
R_trans, is the smallest relation containing R that is also transitive. This is often the most complex
closure to compute, as it can involve multiple steps of adding pairs. Formally, R_trans is the union of
R, R^2, R^3, and so on, where R^k represents the relation obtained by composing R with itself k-1
times. Alternatively, R_trans is the union of R^i for all i ≥ 1, up to the power that makes the relation
stable.

For instance, let A = {1, 2, 3} and R = {(1, 2), (2, 3)}. To find R_trans, we first have (1, 2) ∈ R and
(2, 3) ∈ R. This implies that (1, 3) must be in the transitive closure. So, we add (1, 3). Now, the
relation effectively becomes {(1, 2), (2, 3), (1, 3)}. We then check if any new transitive implications
arise. In this case, there are no further implications. Thus, R_trans = {(1, 2), (2, 3), (1, 3)}.

Methods for Computing Relation Closure

Computing the closure of a relation is a common task, and several methods exist, ranging from
straightforward algorithmic approaches to more optimized techniques suitable for large datasets.

Algorithmic Approaches

The most intuitive way to compute a closure is to iteratively apply the definition. For reflexive
closure, this is trivial: simply add all (a, a) pairs. For symmetric closure, iterate through all pairs (a,
b) in R and add (b, a) if it's not present. For transitive closure, the process is more involved. One can
start with R and repeatedly add any (a, c) pair whenever (a, b) and (b, c) are found in the current
relation, until no new pairs are added. This iterative method guarantees finding the transitive
closure.

A systematic way to implement the transitive closure algorithm involves checking all possible
intermediate elements. For every pair of elements (a, c), we check if there exists any element 'b'
such that (a, b) and (b, c) are in the relation. If such a 'b' exists and (a, c) is not in the relation, we
add it. This process is repeated until no new pairs can be added in a full pass, indicating that the
transitive closure has been reached. This can be computationally intensive for large sets.

Matrix Representation

Relations can be efficiently represented using adjacency matrices, especially when dealing with
finite sets. If A has 'n' elements, a relation R on A can be represented by an n x n matrix M, where
M[i, j] = 1 if the i-th element is related to the j-th element, and 0 otherwise. The properties of
relations can be translated into matrix operations.



For reflexive closure, the diagonal elements of the matrix are all set to 1. For symmetric closure, if
M[i, j] = 1, then M[j, i] is also set to 1. For transitive closure, if M[i, j] = 1 and M[j, k] = 1, then M[i,
k] is set to 1. This can be computed using matrix multiplication. The transitive closure matrix,
M_trans, can be found by computing the Boolean sum of powers of the adjacency matrix: M_trans =
M ∨ M^2 ∨ M^3 ∨ ... ∨ M^n, where ∨ denotes Boolean OR and M^k is the k-th Boolean power of
M.

Warshall's Algorithm for Transitive Closure

Warshall's algorithm is a highly efficient dynamic programming algorithm for computing the
transitive closure of a relation represented by an adjacency matrix. It operates in O(n^3) time,
where 'n' is the number of elements in the set. The algorithm iterates through all possible
intermediate vertices 'k' (from 0 to n-1). For each intermediate vertex 'k', it updates the reachability
between all pairs of vertices (i, j). If there is a path from 'i' to 'j' that goes through 'k', then there
must be a path from 'i' to 'k' and a path from 'k' to 'j'.

The core of Warshall's algorithm is the following update rule: For k from 0 to n-1, for i from 0 to n-1,
for j from 0 to n-1, if matrix[i][k] is 1 AND matrix[k][j] is 1, then set matrix[i][j] to 1. This effectively
checks if a path from 'i' to 'j' can be formed by going through vertex 'k', and if so, marks it as
reachable. After iterating through all possible intermediate vertices, the resulting matrix represents
the transitive closure of the original relation.

Applications of Relation Closure

The concept of relation closure is not merely theoretical; it has tangible and significant applications
across various fields of mathematics and computer science.

Graph Theory

In graph theory, a relation can be represented as a directed graph where elements are vertices and
ordered pairs are directed edges. The reflexive closure corresponds to adding self-loops to every
vertex. The symmetric closure transforms a directed graph into an undirected graph by adding an
edge in the reverse direction for every existing edge. The transitive closure of a relation on a graph
is particularly useful for determining reachability. If there is a path from vertex 'u' to vertex 'v' in the
transitive closure, it means there is a directed path of any length from 'u' to 'v' in the original graph.
This is crucial for analyzing connectivity and dependencies within networks.

Database Theory

In relational databases, relations are fundamental. The closure properties are essential for query
optimization and data integrity. For instance, when defining constraints or inferring new



relationships, transitive closure plays a role. If a database schema includes relationships like
'employee_manages_department' and 'department_located_in_city', the transitive closure could help
infer that an 'employee' is indirectly 'associated with a city' through their managed department. This
can be leveraged for efficient data retrieval and ensuring consistency.

Computer Science Algorithms

Many algorithms rely on the concept of transitive closure. For example, in compiler design,
dependency analysis of code modules might involve finding transitive dependencies. In network
routing protocols, determining if one node can reach another through a series of intermediate nodes
is a direct application of transitive closure. Algorithms for finding all-pairs shortest paths in
unweighted graphs, such as the Floyd-Warshall algorithm (which is closely related to Warshall's
algorithm for transitive closure), are also built upon this fundamental concept.

Illustrative Examples of Relation Closure

To solidify understanding, let's consider a concrete example. Let A = {a, b, c, d} and the relation R
= {(a, b), (b, c), (c, d)}. We will compute its reflexive, symmetric, and transitive closures.

Reflexive Closure: R_ref = R ∪ {(a, a), (b, b), (c, c), (d, d)} = {(a, a), (a, b), (b, b), (b, c), (c, c), (c,
d), (d, d)}.

Symmetric Closure: For each pair in R, we add its reverse.
(a, b) implies adding (b, a).
(b, c) implies adding (c, b).
(c, d) implies adding (d, c).
R_sym = R ∪ {(b, a), (c, b), (d, c)} = {(a, b), (b, c), (c, d), (b, a), (c, b), (d, c)}.

Transitive Closure:
From (a, b) and (b, c), we infer (a, c).
From (b, c) and (c, d), we infer (b, d).
Now, with (a, c) and (c, d), we infer (a, d).
The relation R_trans now includes R, (a, c), (b, d), and (a, d).
R_trans = {(a, b), (b, c), (c, d), (a, c), (b, d), (a, d)}.

These examples illustrate how the closure operation systematically extends a relation to encompass
a specific property, making it more complete and useful for further analysis.

The Significance of Minimal Augmentation

The core principle behind computing the closure of a relation is the idea of "minimal augmentation."
This means we are only adding the absolute minimum number of ordered pairs required to satisfy



the desired property (reflexivity, symmetry, or transitivity). We are not arbitrarily adding pairs; each
added pair is a direct consequence of the existing pairs and the property we aim to achieve. This
minimal addition is critical because it preserves the essence of the original relation as much as
possible.

If we were to add more pairs than necessary, the resulting relation might satisfy the property, but it
would no longer be a true representation of the original relationships augmented minimally. This
could lead to incorrect inferences and flawed analyses in applications. For example, in transitive
closure, if we have a path a → b → c, we add a → c. If there were no other paths connecting 'a' and 'c'
in the original relation, the transitive closure should only reflect this newly derived path. Adding
other arbitrary connections would distort the true reachability landscape. Therefore, the emphasis
on minimality ensures that the closure is the most efficient and accurate extension of the original
relation.

---

Q: What is the primary purpose of calculating the closure of a
relation in discrete mathematics?
A: The primary purpose of calculating the closure of a relation is to augment an existing relation by
adding the minimum number of ordered pairs necessary to ensure it possesses a specific desirable
property, such as reflexivity, symmetry, or transitivity. This process makes the relation more
complete and useful for analysis and application.

Q: How does the reflexive closure of a relation differ from its
symmetric closure?
A: The reflexive closure ensures that every element in the set is related to itself by adding pairs of
the form (a, a) for all elements 'a'. The symmetric closure ensures that if an element 'a' is related to
'b', then 'b' is also related to 'a' by adding the reverse pair (b, a) for every existing pair (a, b).

Q: What is the main challenge in computing the transitive
closure of a relation compared to reflexive or symmetric
closure?
A: The transitive closure is generally more complex to compute because it can involve a chain
reaction of inferences. If (a, b) and (b, c) imply (a, c), this newly added (a, c) might then combine
with another pair to imply a further connection. This iterative process requires more sophisticated
algorithms to ensure all necessary pairs are added, unlike the more direct additions for reflexive and
symmetric closures.

Q: Can a relation be its own closure?
A: Yes, a relation can be its own closure if it already possesses the property for which the closure is
being computed. For example, if a relation is already transitive, its transitive closure will be the



relation itself.

Q: What is Warshall's algorithm used for, and why is it
significant in relation closure?
A: Warshall's algorithm is specifically designed to compute the transitive closure of a relation. It is
significant because it provides an efficient, polynomial-time algorithm (O(n^3)) for this task, making
it practical for computing transitive closures on graphs and relations of moderate size.

Q: In the context of graphs, what does the transitive closure of
a relation represent?
A: In graph theory, the transitive closure of a relation represented by a directed graph indicates all
possible reachability between pairs of vertices. If there is an edge between vertex 'u' and vertex 'v'
in the transitive closure, it means there is a directed path of any length from 'u' to 'v' in the original
graph.

Q: Why is the concept of "minimal augmentation" important
when computing relation closures?
A: Minimal augmentation is crucial because it ensures that the closure is the smallest possible
relation containing the original relation and satisfying the desired property. This preserves the
integrity and essential structure of the original relation, preventing the introduction of extraneous or
misleading relationships.

Q: How is the closure of a relation applied in database
systems?
A: In database systems, relation closures, particularly transitive closure, can be used for inferring
indirect relationships, optimizing queries by identifying transitive dependencies, and maintaining
data integrity by enforcing certain relational properties.

Closure Of A Relation Discrete Math

Closure Of A Relation Discrete Math

Related Articles
closure properties of regular languages
cloud computing in healthcare analytics
coastal land loss solutions

http://chem.study/textbooks-041/closure-of-a-relation-discrete-math.pdf
http://chem.study/textbooks-041/closure-properties-of-regular-languages.pdf
http://chem.study/textbooks-041/cloud-computing-in-healthcare-analytics.pdf
http://chem.study/textbooks-041/coastal-land-loss-solutions.pdf


Back to Home

http://chem.study

