adm formalism general relativity

The ADM formalism in general relativity is a profound theoretical framework that
revolutionizes our understanding of spacetime. This article delves deep into the ADM
formalism, exploring its foundational concepts, mathematical underpinnings, and significant
applications. We will dissect how it decomposes spacetime into spatial slices, illuminating
the dynamic nature of gravity. Furthermore, we will examine the Hamiltonian formulation,
the role of constraints, and the construction of conserved quantities. The discussion will
extend to its crucial contributions to numerical relativity, black hole physics, and the quest
for a quantum theory of gravity. This comprehensive exploration aims to provide a clear
and detailed exposition for anyone interested in the advanced study of Einstein's theory.
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The Genesis of the ADM Formalism

The ADM formalism, named after its creators Richard Arnowitt, Stanley Deser, and Charles
Misner, emerged in the early 1960s as a groundbreaking approach to general relativity.
Prior to its development, the theory was primarily formulated using covariant methods,
which, while elegant, made certain aspects of dynamics and initial value problems
challenging to address. The need for a more concrete understanding of how spacetime
evolves and how to set up consistent initial conditions for gravitational systems spurred the
development of this new framework. The primary motivation was to cast general relativity
in a form analogous to classical mechanics, particularly Newtonian gravity and
electromagnetism, where a Hamiltonian formulation allows for a clear description of
evolution in time.

This shift in perspective was crucial for several reasons. It enabled physicists to pose and
solve initial value problems for Einstein's field equations, akin to solving for the trajectory of
a particle given its initial position and momentum. This ability is fundamental for numerical
simulations of gravitational phenomena, which were becoming increasingly feasible with
advancements in computing power. The ADM approach provided the necessary theoretical
scaffolding to discretize spacetime and evolve gravitational fields forward in time, paving
the way for the birth of numerical relativity.

Historical Context and Motivation

The post-war era saw a resurgence of interest in the foundational aspects of general
relativity. While Einstein's theory had been experimentally verified, many of its profound



implications, such as the existence of black holes and gravitational waves, were still largely
theoretical. The covariant formulation, while mathematically sound, often obscured the
causal structure of spacetime and the fundamental dynamics of the gravitational field.
Researchers sought a way to isolate and understand the intrinsic degrees of freedom of
gravity, analogous to how one identifies the electric and magnetic fields in
electromagnetism.

The ADM team recognized that a time-evolution picture was essential for a deeper
understanding of gravitational phenomena. By decomposing spacetime into a series of
spatial hypersurfaces, they aimed to extract a clear notion of time and spatial separation,
which is famously relative in general relativity. This decomposition allowed them to identify
conjugate variables that behave like position and momentum, thereby enabling a
Hamiltonian formulation of the theory. This Hamiltonian perspective proved to be
immensely powerful, unlocking new avenues for theoretical investigation and
computational exploration.

Core Concepts of the ADM Formalism

At its heart, the ADM formalism achieves a 3+1 decomposition of spacetime. This means
that a 4-dimensional spacetime manifold is viewed as a continuous sequence of 3-
dimensional spatial slices evolving with respect to a time parameter. This decomposition is
not arbitrary; it is guided by the geometry of the spacetime itself and allows for a clear
separation of spatial and temporal aspects of the gravitational field. The key to this
decomposition lies in the introduction of a time-like vector field, which defines the direction
of time evolution.

The formalism introduces several crucial geometric quantities that describe the
"embedding" of these 3-dimensional slices within the 4-dimensional spacetime. These
include the lapse function, which dictates the time interval between successive spatial
slices, and the shift vector, which describes how spatial coordinates change from one slice
to the next. Together, these functions provide the necessary tools to translate dynamics
from the full 4D spacetime to the evolving 3D spatial geometries.

3+1 Decomposition of Spacetime

The fundamental step in the ADM formalism is the slicing of spacetime into a foliation of 3-
dimensional spacelike hypersurfaces, denoted by $\Sigma_t$. These hypersurfaces are
indexed by a parameter $t$, which serves as a global time function. The geometry of each
hypersurface $\Sigma_t$ is described by a 3-metric $h_{ij}$, which measures distances
and angles within that slice. The evolution from one hypersurface to the next is governed
by the extrinsic curvature $K_{ij}$, which measures how the hypersurface is embedded in
the higher-dimensional spacetime.

This decomposition effectively turns Einstein's 4-dimensional partial differential equations
into a set of evolution equations for the 3-metric and extrinsic curvature on the spatial



slices. The lapse function, $\alpha$, and the shift vector, $\beta”i$, play the role of
dynamical variables that link these successive slices. The lapse function dictates how time
progresses, and the shift vector dictates how the spatial coordinates are mapped between
slices. This viewpoint is analogous to setting up an initial value problem in Newtonian
mechanics.

The Hamiltonian Formulation and Constraints

A major achievement of the ADM formalism is its successful derivation of a Hamiltonian
formulation for general relativity. This involves identifying canonical conjugate variables,
typically the 3-metric $h_{ij}$ and its conjugate momentum $\pi~{ij}$, derived from the
extrinsic curvature. The Hamiltonian itself, a scalar function of these variables, then
governs the time evolution of the system.

However, general relativity is a constrained system. Not all initial configurations of $h_{ij}$
and $\pi~{ij}$ are physically permissible. The ADM formalism elegantly expresses these
constraints in terms of the lapse function and shift vector. These are known as the
Hamiltonian constraint and the momentum (or diffeomorphism) constraint. The Hamiltonian
constraint is essentially the Einstein's field equations projected onto the normal direction of
the spacelike hypersurfaces, while the momentum constraint arises from the spatial
diffeomorphism invariance of the theory. Satisfying these constraints ensures that the
initial data is consistent with Einstein's equations and that the evolution remains valid.

e The Hamiltonian Constraint: $H = \sqrt{h} (R + h™~{-1} \pi~{ij} \pi_{ij} - \frac{1}{2}
h~{-1} (\pi)~2) = 0%

e The Momentum Constraint: $M_i = -2 \nabla_j \pi™j_i = 0%

These constraints are crucial for ensuring the consistency and physical validity of solutions
derived from the ADM formalism. They embody the geometric nature of gravity and the fact
that not all spacetime configurations are dynamically possible.

Mathematical Machinery of ADM

The ADM formalism relies on a sophisticated mathematical apparatus to describe the
dynamics of spacetime. This involves defining key quantities that characterize the
geometry of the spatial slices and their evolution. The 3-metric $h_{ij}$ describes the
intrinsic geometry of the spatial hypersurface $\Sigma_t$, while the extrinsic curvature
$K {ij}$ quantifies how this hypersurface is curved within the ambient 4-dimensional
spacetime. These two quantities, along with the lapse $\alpha$ and shift $\beta”™i$,
encapsulate the full gravitational field in the ADM framework.



The Einstein field equations, when recast in the ADM variables, transform into a set of
evolution equations for $h_{ij}$ and $K {ij}$. These are typically parabolic or hyperbolic
partial differential equations, which are amenable to numerical solution. The constraints, as
mentioned earlier, must be satisfied by the initial data and are also subject to evolution
equations to ensure their preservation throughout the time evolution.

The Extrinsic Curvature and its Role

The extrinsic curvature $K {ij}$ is a tensor that measures the second fundamental form of
the spacelike hypersurface $\Sigma_t$ embedded in the 4-dimensional spacetime. It is
related to the time derivative of the 3-metric and the spatial derivatives of the lapse and
shift functions. Specifically, it is defined as:

$K {ij} = -\frac{1}{2\alpha} \left( \frac{\partial h_{ij}} {\partial t} - \mathcal{L} \beta
h_{ij} \right)$

where $\mathcal{L} \beta$ denotes the Lie derivative with respect to the shift vector
$\beta”i$. The extrinsic curvature captures how the spatial geometry is "bending" or

"stretching" as it evolves in time. It plays a pivotal role in the Hamiltonian formulation,
serving as the canonical momentum conjugate to the 3-metric.

In the context of the ADM Hamiltonian, terms involving the square of the extrinsic curvature
appear, reflecting its dynamical significance. The evolution equations derived from the
Hamiltonian constrain the future development of $h_{ij}$ and $K {ij}$ given their initial
values. Understanding the properties and evolution of $K_{ij}$ is therefore central to
comprehending the dynamics of gravitational systems within this framework.

Lapse and Shift Vectors as Dynamical Variables

The lapse function $\alpha$ and the shift vector $\beta”i$ are not mere mathematical
conveniences; they are essential dynamical components of the ADM formalism. The lapse
function quantifies the temporal separation between successive spatial slices. A constant
lapse function would imply a uniform flow of time across the entire spatial manifold, while a
varying lapse function signifies that time progresses at different rates in different regions of
space.

The shift vector $\beta”i$ describes how spatial coordinates are displaced between
consecutive time slices. It essentially defines the "flow" of the spatial geometry within the
spacetime. These functions are not uniquely determined by the geometry; they represent a
gauge freedom in the ADM formulation. Choosing specific forms for $\alpha$ and $\beta”i$
(known as "gauge fixing") is crucial for solving the Einstein equations, particularly in
numerical relativity.

In the Hamiltonian formulation, the lapse and shift functions appear in the Hamiltonian
constraint and the momentum constraint equations. They are also involved in the evolution



equations for the 3-metric and extrinsic curvature. Their correct determination and
evolution are paramount for obtaining physically meaningful solutions that respect the
constraints of general relativity.

Applications and Implications of ADM

The ADM formalism has had a profound and far-reaching impact across various fields of
theoretical and computational physics. Its ability to cast general relativity in a Hamiltonian
form and to facilitate initial value problems has made it indispensable for numerical
relativity. This field uses powerful computers to simulate the behavior of extreme
gravitational phenomena, such as the merger of black holes and neutron stars, and the
propagation of gravitational waves.

Beyond numerical simulations, the ADM formalism has been instrumental in studying the
global structure of spacetimes, particularly in the context of black holes. It provides a
framework for analyzing the stability of spacetimes and for understanding the generation
and detection of gravitational waves. Its conceptual clarity has also guided explorations into
more fundamental questions, such as the nature of time and the search for a quantum
theory of gravity.

Numerical Relativity and Gravitational Wave Astronomy

Numerical relativity is perhaps the most direct and impactful application of the ADM
formalism. The ability to decompose spacetime into evolving spatial slices and to formulate
the Einstein equations as evolution equations for these slices is the bedrock of most
numerical simulations in general relativity. By discretizing space and time, and by carefully
choosing gauge conditions for the lapse and shift functions, physicists can simulate highly
dynamic and complex gravitational scenarios.

The merger of binary black holes, a phenomenon that produces powerful bursts of
gravitational waves, was once purely theoretical. Thanks to the ADM formalism and the
development of sophisticated numerical codes, these events can now be simulated with
remarkable accuracy. The resulting waveforms from these simulations are then compared
with the data from gravitational wave detectors like LIGO and Virgo, providing stringent
tests of general relativity and opening a new window onto the universe. The detection of
gravitational waves from these mergers has validated predictions made possible by the
ADM approach.

Black Hole Physics and Singularities

The ADM formalism provides a valuable lens through which to examine the properties of
black holes. It allows for a precise definition of the event horizon and the study of
spacetime around black hole solutions like the Schwarzschild and Kerr metrics. The



Hamiltonian formulation can be used to analyze conserved quantities associated with black
holes, such as mass and angular momentum.

Furthermore, the ADM framework is crucial for investigating the nature of spacetime
singularities, such as those found at the center of black holes. While the theory breaks
down at a singularity, the ADM approach can help to understand the behavior of spacetime
as it approaches such extreme regions. The initial value problem formulation is essential for
exploring scenarios that might lead to singularity formation, although a complete resolution
of singularities typically requires a quantum theory of gravity.

Quantum Gravity and Beyond

While general relativity is a classical theory, the ADM formalism's emphasis on dynamics
and canonical variables has made it a crucial stepping stone in the quest for a quantum
theory of gravity. The quantization of gravity often involves finding a quantum analogue of
the ADM Hamiltonian. This leads to approaches like Loop Quantum Gravity, where the
Wheeler-DeWitt equation, a candidate equation for quantum spacetime, is derived from the
ADM Hamiltonian.

The challenges in quantizing gravity often stem from the background independence of
general relativity and the difficulty in defining a preferred notion of time. The ADM
decomposition, by explicitly singling out a time parameter, helps to confront these issues.
The concept of spacetime as an evolving entity, as described by ADM, provides a
framework for exploring how quantum effects might manifest in the structure of spacetime
itself. The search for a consistent quantum theory of gravity continues to draw inspiration
from the insights gained through the ADM formalism.

The Future Landscape of ADM Formalism

The ADM formalism, despite its decades of successful application, continues to be an active
area of research. Its foundational role in numerical relativity ensures its ongoing relevance
as computational power and simulation techniques advance. New challenges in
understanding extreme astrophysical events and the fundamental nature of spacetime will
undoubtedly drive further development and refinement of the ADM framework.

Future research directions include exploring more sophisticated gauge-fixing conditions for
numerical simulations, particularly in the context of highly dynamic spacetimes. The
formalism is also being scrutinized for its applicability in exploring theories beyond

standard general relativity, such as modified gravity theories. Moreover, the deep
connections between the ADM formulation and approaches to quantum gravity suggest that
it will remain a vital conceptual tool in the pursuit of a unified understanding of the
universe.



Advanced Numerical Techniques and Gauge Choices

As simulations of gravitational phenomena become more complex, the choice of lapse and
shift functions in the ADM formalism becomes increasingly critical. Advanced numerical
techniques are being developed to handle challenging scenarios, such as the formation and
evolution of naked singularities or the dynamics of very asymmetric black hole mergers.
These techniques often involve adaptive mesh refinement and sophisticated algorithms for
solving the constraint equations.

The development of new gauge conditions, such as the "moving puncture" or "excision"
methods, has been instrumental in enabling simulations of black hole mergers without
encountering coordinate singularities. These advancements allow numerical relativists to
push the boundaries of what can be simulated, providing ever more precise predictions and
insights into the behavior of gravity in strong-field regimes. The ADM decomposition
provides the essential structure upon which these sophisticated numerical methods are
built.

Extensions and Generalizations of ADM

The ADM formalism has proven to be a robust framework, and researchers are continually
exploring its extensions and generalizations. This includes applying it to more complex
spacetime geometries, such as those involving matter fields, exotic forms of energy, or
cosmological models. The investigation of alternative theories of gravity also often involves
reformulating them within an ADM-like framework to facilitate comparisons and analysis.

For instance, in some cosmological models, a consistent notion of a global time parameter
might be more readily apparent. The ADM approach can be adapted to these scenarios to
study the evolution of the universe. Furthermore, the conceptual tools developed in the
ADM formalism are being used to analyze the properties of higher-dimensional spacetimes
or theories with additional gauge fields, demonstrating its enduring flexibility and power in
the landscape of theoretical physics.

FAQ

Q: What is the primary advantage of the ADM formalism
over covariant formulations of general relativity?

A: The primary advantage of the ADM formalism is its ability to cast general relativity in a
Hamiltonian form, enabling the formulation of initial value problems. This is crucial for
understanding the time evolution of gravitational systems and for performing numerical
simulations, which are essential for studying dynamic phenomena like black hole mergers
and gravitational wave generation.



Q: How does the ADM formalism define "time" in a
theory where time is relative?

A: The ADM formalism achieves this by performing a 3+1 decomposition of spacetime. It
views spacetime as a sequence of 3-dimensional spatial slices evolving with respect to a
parameter that acts as a global time. This parameter, along with the lapse and shift
functions, defines how time progresses and how spatial coordinates are related between
these successive slices.

Q: What are the "constraints" in the ADM formalism,
and why are they important?

A: The constraints in the ADM formalism are the Hamiltonian constraint and the momentum
constraint. These are equations derived from Einstein's field equations that must be
satisfied by the initial data (the 3-metric and extrinsic curvature) for a solution to be
physically valid. They ensure that the initial configuration is consistent with the dynamics of
gravity and that the evolution of the system respects the underlying symmetries of general
relativity.

Q: Can the ADM formalism be used to study
gravitational waves?

A: Yes, the ADM formalism is absolutely crucial for studying gravitational waves. It forms
the theoretical backbone for numerical relativity simulations that predict the gravitational
wave signals emitted by catastrophic events like black hole and neutron star mergers.
These simulated waveforms are then compared with observational data from detectors.

Q: What role does the lapse function play in the ADM
formalism?

A: The lapse function, denoted by $\alpha$, dictates the temporal spacing between
successive 3-dimensional spatial slices in the 3+1 decomposition. It determines how fast
time progresses in different regions of space and is a dynamical variable that needs to be
specified or evolved in ADM-based calculations.

Q: How is the extrinsic curvature defined and why is it
important in ADM?

A: The extrinsic curvature, $K {ij}$, measures how a 3-dimensional spatial hypersurface is
curved within the 4-dimensional spacetime. It is fundamentally linked to the time evolution
of the 3-metric and is crucial because it acts as the canonical momentum conjugate to the
3-metric in the Hamiltonian formulation of general relativity.



Q: Is the ADM formalism essential for understanding
black holes?

A: The ADM formalism provides a powerful framework for studying black holes. It allows for
the formulation of initial value problems for black hole spacetimes and is indispensable for
numerical simulations of black hole dynamics, such as mergers. It also aids in the study of
conserved quantities and the behavior of spacetime near singularities.

Q: What is the connection between the ADM formalism
and quantum gravity?

A: The ADM formalism's Hamiltonian formulation of general relativity provides a natural
starting point for attempts to quantize gravity. The Wheeler-DeWitt equation, a key
equation in some approaches to quantum gravity, is derived from the ADM Hamiltonian.
The ADM approach helps in understanding the constraints and degrees of freedom that
need to be quantized.
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