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Change of Basis Explained: A Comprehensive Guide

change of basis explained involves a fundamental concept in linear algebra that allows us to view
vector spaces from different perspectives. This transformation is not merely an academic exercise; it
has profound implications in various fields, from computer graphics and quantum mechanics to
engineering and data science. Understanding how to switch between different bases is crucial for
simplifying complex problems, performing efficient computations, and gaining deeper insights into
the structure of linear transformations. This article will delve into the intricacies of change of basis,
covering its definition, the process of constructing change of basis matrices, and its practical
applications. We will explore how changing the coordinate system can dramatically alter the
representation of vectors and transformations, making previously difficult operations manageable.
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What is a Basis?

A basis for a vector space is a set of linearly independent vectors that span the entire space. In
simpler terms, a basis provides a unique set of "building blocks" from which any vector in the space
can be formed as a linear combination. The number of vectors in a basis is called the dimension of
the vector space. For instance, in a 2-dimensional Euclidean space (R²), the standard basis consists
of two orthogonal vectors, often denoted as e₁ = (1, 0) and e₂ = (0, 1). Any vector (x, y) in R² can be
expressed as xe₁ + ye₂.

The choice of basis is not unique. Different sets of vectors can form a valid basis for the same vector
space. For example, in R², the vectors v₁ = (1, 1) and v₂ = (1, -1) also form a basis. This freedom in
choosing a basis is precisely what gives rise to the concept of change of basis. Each basis provides a
distinct coordinate system for representing vectors.

The Need for Change of Basis

While a vector itself is an intrinsic geometric object, its representation depends entirely on the
chosen basis. When we work with vectors, we often express them in terms of coordinates relative to
a specific basis. However, sometimes the current basis might not be the most convenient for a
particular problem. This is where the change of basis becomes indispensable.



Several scenarios necessitate a change of basis:

Simplifying Representation: Certain linear transformations or geometric operations become
significantly simpler when expressed in a different basis. For example, a rotation can be
represented by a diagonal matrix in a basis aligned with the axis of rotation.

Computational Efficiency: In numerical computations, using a well-chosen basis can lead to
faster algorithms and more stable results. Diagonalization, a process involving change of basis,
is a prime example where matrix operations are greatly simplified.

Geometric Interpretation: Changing the basis can offer a new perspective on the structure
of a vector space or the behavior of a linear transformation, revealing underlying symmetries
or properties that were not apparent in the original basis.

Compatibility with Other Systems: In applied fields, data might be generated or analyzed in
different coordinate systems. A change of basis allows for the conversion of these
representations to a common framework.

Constructing the Change of Basis Matrix

The core of a change of basis operation lies in the change of basis matrix, also known as the
transition matrix. This matrix allows us to convert the coordinates of a vector from one basis to
another. Let's consider a vector space V and two bases for V: B = {b₁, b₂, ...,
b<0xE2><0x82><0x99>} and B' = {b'₁, b'₂, ..., b'<0xE2><0x82><0x99>}.

To construct the change of basis matrix from B to B', denoted as PB'←B, we need to express each basis
vector of B as a linear combination of the basis vectors of B'. Mathematically, for each
b<0xE1><0xB5><0xA2> ∈ B, we write:

b<0xE1><0xB5><0xA2> = p₁<0xE1><0xB5><0xA2>b'₁ + p₂<0xE1><0xB5><0xA2>b'₂ + ... +
p<0xE2><0x82><0x99><0xE1><0xB5><0xA2>b'<0xE2><0x82><0x99>

The coefficients (p₁<0xE1><0xB5><0xA2>, p₂<0xE1><0xB5><0xA2>, ...,
p<0xE2><0x82><0x99><0xE1><0xB5><0xA2>) form the i-th column of the change of basis
matrix PB'←B.

From Standard Basis to Another Basis

A common and often simpler scenario involves changing from the standard basis (let's call it E) to a
new basis B. If the basis B = {b₁, b₂, ..., b<0xE2><0x82><0x99>} is given, the change of basis
matrix from E to B, PB←E, is simply the matrix whose columns are the vectors b₁, b₂, ...,
b<0xE2><0x82><0x99> written in the standard basis coordinates.



From One Non-Standard Basis to Another

When transitioning from one non-standard basis B to another non-standard basis B', the process
involves using the standard basis as an intermediary. The change of basis matrix from B to B', PB'←B,
can be found by:

Finding the matrix PB'←E that transforms from the standard basis E to B'. The columns of this1.
matrix are the vectors of B' in E coordinates.

Finding the matrix PE←B that transforms from basis B to the standard basis E. This matrix is the2.
inverse of the matrix whose columns are the vectors of B in E coordinates (PB←E). So, PE←B =
(PB←E)⁻¹.

The change of basis matrix from B to B' is then the product of these two matrices: PB'←B = PB'←E3.
PE←B = PB'←E (PB←E)⁻¹.

Change of Basis for Vectors

Once the change of basis matrix is established, applying it to a vector is straightforward. Let v be a
vector in space V. Suppose v has coordinates [v]B with respect to basis B and coordinates [v]B' with
respect to basis B'. The relationship between these coordinate vectors is given by:

[v]B' = PB'←B [v]B

Here, [v]B is a column vector containing the coefficients of v in basis B, and [v]B' is the column vector
of its coordinates in basis B'.

To illustrate, if we have a vector v with coordinates (x, y) in the standard basis E = {(1, 0), (0, 1)},
and we want to find its coordinates in a new basis B = {b₁, b₂}, we first form the matrix PB←E whose
columns are b₁ and b₂. Then, the coordinate vector of v in basis B, [v]B, is given by:

[v]B = PB←E⁻¹ [v]E

Conversely, if we have the coordinates of v in basis B, [v]B, and want to find its coordinates in the
standard basis E, we use:

[v]E = PB←E [v]B

Change of Basis for Linear Transformations

Beyond just changing the representation of vectors, the concept of change of basis is critical for
understanding how linear transformations behave under different coordinate systems. A linear
transformation T: V → W maps vectors from one vector space to another (or the same) vector space.
If we represent T by a matrix A with respect to basis B and by a matrix A' with respect to basis B',
these matrices will generally be different.



Suppose we have a linear transformation T represented by matrix A with respect to basis B. We want
to find the matrix A' that represents T with respect to basis B'. If P is the change of basis matrix from
B to B', then the new matrix A' is given by the similarity transformation:

A' = P⁻¹ A P

This formula shows that the matrices A and A' are similar. Similar matrices represent the same
linear transformation but with respect to different bases. The goal is often to find a basis in which
the matrix representation of T is as simple as possible, such as a diagonal or Jordan normal form.

The process involves several steps:

Determine the matrix A representing the linear transformation T with respect to the original
basis B.

Construct the change of basis matrix P that transforms coordinates from the original basis B to
the new basis B'.

Calculate the inverse of P, denoted as P⁻¹.

Compute the new matrix A' using the formula A' = P⁻¹ A P.

This process is fundamental in diagonalizing matrices and understanding the eigenvalues and
eigenvectors of linear transformations, as eigenvalues remain invariant under change of basis.

Applications of Change of Basis

The utility of change of basis extends to numerous practical applications across various disciplines.
In each case, the ability to switch coordinate systems simplifies analysis, computation, or
interpretation.

One significant area is computer graphics. Rotations, scaling, and translations of objects in 3D
space are handled using transformation matrices. By changing the basis, complex transformations
can be decomposed into simpler operations, and applying these transformations to vertices becomes
more efficient. For example, to rotate an object around an arbitrary axis, one might change the basis
so that one of the new axes aligns with the rotation axis, perform the rotation (which becomes a
simple diagonal matrix operation), and then transform back to the original basis.

In quantum mechanics, the state of a quantum system is represented by a vector in a Hilbert
space. Observables are represented by linear operators. The choice of basis corresponds to choosing
a set of measurement outcomes. A change of basis allows physicists to switch between different sets
of observable quantities, simplifying the calculation of probabilities and the prediction of system
evolution.

Data analysis and machine learning also heavily rely on change of basis. Techniques like
Principal Component Analysis (PCA) perform a change of basis to find a new set of orthogonal axes
(principal components) that capture the maximum variance in the data. This reduces dimensionality



while preserving important information, leading to more efficient models and better visualization.

In engineering, particularly in fields like control systems and structural analysis, problems often
involve systems of differential equations or large matrices. Applying a change of basis can
diagonalize these matrices, simplifying the solution of differential equations or analyzing the
stability and behavior of complex systems.

Example: Diagonalization of a Matrix

A prime example of change of basis is the diagonalization of a square matrix A. If A is diagonalizable,
it means there exists an invertible matrix P and a diagonal matrix D such that A = P D P⁻¹. The
columns of P are the eigenvectors of A, and the diagonal entries of D are the corresponding
eigenvalues. In this context, P represents a change of basis from the standard basis to the basis
formed by the eigenvectors. In this eigenvector basis, the linear transformation represented by A
becomes a simple scaling along the basis vectors, as represented by the diagonal matrix D.

Further Considerations

When performing a change of basis, especially in numerical applications, careful attention must be
paid to the properties of the matrices involved. The invertibility of the change of basis matrix is
crucial. Orthogonal transformations, where the change of basis matrix is orthogonal (its inverse is its
transpose), preserve lengths and angles and are particularly useful in geometry and signal
processing. Understanding the geometric interpretation of these transformations in different bases
provides a deeper, more intuitive grasp of linear algebra.

Frequently Asked Questions

Q: What is the primary purpose of a change of basis in linear
algebra?
A: The primary purpose of a change of basis is to represent vectors and linear transformations in a
different coordinate system. This often simplifies calculations, provides new insights, or makes
representations more efficient for specific problems.

Q: How do I find the change of basis matrix from basis B to
basis B'?
A: To find the change of basis matrix PB'←B, express each basis vector of B as a linear combination
of the basis vectors of B'. The coefficients of these linear combinations form the columns of PB'←B.



Q: What is the relationship between the coordinates of a
vector in two different bases?
A: If [v]B are the coordinates of vector v in basis B and [v]B' are its coordinates in basis B', and
PB'←B is the change of basis matrix from B to B', then [v]B' = PB'←B [v]B.

Q: How does a linear transformation's matrix representation
change under a change of basis?
A: If a linear transformation T is represented by matrix A in basis B and by matrix A' in basis B', and
P is the change of basis matrix from B to B', then A' = P⁻¹ A P. This is known as a similarity
transformation.

Q: Can a change of basis be applied to infinite-dimensional
vector spaces?
A: Yes, the concept of change of basis can be extended to infinite-dimensional vector spaces, such as
function spaces, although the practical construction and manipulation of basis transformations
become more complex and may involve concepts from functional analysis.

Q: What is an orthogonal change of basis?
A: An orthogonal change of basis is one where the change of basis matrix is an orthogonal matrix.
Such transformations preserve lengths and angles, and the inverse of the matrix is its transpose,
simplifying calculations significantly.

Q: Why is understanding change of basis important in
practical applications?
A: It's important because it allows for simplification of complex problems. For example, in computer
graphics, it simplifies rotations; in quantum mechanics, it simplifies state representations; and in
data science, it aids in dimensionality reduction techniques like PCA.

Q: What is the connection between change of basis and
eigenvalues/eigenvectors?
A: Change of basis is fundamental to diagonalization. By changing to the basis of eigenvectors, a
matrix's representation becomes diagonal, revealing its eigenvalues and simplifying the analysis of
the linear transformation it represents.
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