CAUCHY EULER DIFFERENTIAL EQUATION EXAMPLES

UNLOCKING THE Power oF CAUCHY-EULER DIFFERENTIAL EQUATIONS: A COMPREHENSIVE GUIDE WITH EXAMPLES

CAUCHY EULER DIFFERENTIAL EQUATION EXAMPLES ARE FUNDAMENTAL IN VARIOUS BRANCHES OF MATHEMATICS, PHYSICS, AND
ENGINEERING, OFFERING ELEGANT SOLUTIONS TO PROBLEMS INVOLVING VARIABLE COEFFICIENTS. UNDERSTANDING THESE
EQUATIONS IS CRUCIAL FOR TACKLING COMPLEX PHENOMENA THAT CAN’'T BE ADDRESSED BY SIMPLER, CONSTANT-COEFFICIENT
DIFFERENTIAL EQUATIONS. THIS ARTICLE DELVES INTO THE CORE CONCEPTS, METHODOLOGIES, AND PRACTICAL APPLICATIONS OF
CAUCHY-EULER EQUATIONS, PROVIDING A THOROUGH EXPLORATION FOR STUDENTS AND PROFESSIONALS ALIKE. WE wiLL
DISSECT THE GENERAL FORM OF THESE EQUATIONS, EXPLORE THE CHARACTERISTIC EQUATION METHOD FOR FINDING SOLUTIONS,
AND ILLUSTRATE THESE PRINCIPLES WITH CLEAR, STEP-BY-STEP EXAMPLES. FURTHERMORE, WE WILL TOUCH UPON THE NUANCES
OF HOMOGENEOUS AND NON-HOMOGENEOUS CASES, EQUIPPING YOU WITH THE KNOWLEDGE TO SOLVE A BROAD SPECTRUM OF
DIFFERENTIAL EQUATIONS.
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UNDERSTANDING THE CAUCHY-EULER DIFFERENTIAL EQUATION

THe CAUCHY-EULER DIFFERENTIAL EQUATION, ALSO KNOWN AS AN EQUIDIMENSIONAL EQUATION, IS A TYPE OF LINEAR ORDINARY
DIFFERENTIAL EQUATION WHERE THE COEFFICIENTS OF THE DERIVATIVES ARE POWERS OF THE INDEPENDENT VARIABLE. THE
GENERAL FORM OF A HOMOGENEOUS SECOND-ORDER CAUCHY-EULER EQUATION IS GIVEN BY:

Ax?y” +Bxy’'+cy =0

WHERE A, B, AND C ARE CONSTANTS, AND X > 0. THE HALLMARK OF THIS EQUATION IS THE PRESENCE OF XZMULTIPLYING THE
SECOND DERIVATIVE, X MULTIPLYING THE FIRST DERIVATIVE, AND A CONSTANT MULTIPLYING THE DEPENDENT VARIABLE Y. THIS
SPECIFIC STRUCTURE ALLOWS FOR A SYSTEMATIC METHOD OF SOLUTION, DIFFERENTIATING IT FROM DIFFERENTIAL EQUATIONS
WITH CONSTANT COEFFICIENTS.

THE SIGNIFICANCE OF THE CAUCHY-EULER EQUATION LIES IN ITS ABILITY TO MODEL SYSTEMS WHERE THE RATES OF CHANGE ARE
NOT CONSTANT BUT DEPEND ON THE SYSTEM'S STATE OR ENVIRONMENT. FOR INSTANCE, IN PHYSICS, PROBLEMS INVOLVING
RADIAL SYMMETRY OR WAVE PROPAGATION IN NON-UNIFORM MEDIA MIGHT LEAD TO SUCH EQUATIONS. THE VARIABLE
COEFFICIENTS INTRODUCE A COMPLEXITY THAT REQUIRES A SPECIALIZED APPROACH, AND THE CAUCHY-EULER FORM PROVIDES A
PATHWAY TO ANALYTICAL SOLUTIONS.

THE CHARACTERISTIC EQUATION METHOD FOR HOMOGENEOUS CAUCHY-



EULER EQUATIONS

THE MOST COMMON AND EFFECTIVE METHOD FOR SOLVING HOMOGENEOUS CAUCHY-EULER DIFFERENTIAL EQUATIONS IS THE
CHARACTERISTIC EQUATION METHOD. THIS TECHNIQUE INVOLVES ASSUMING A SOLUTION OF THE FORM Y = XE, WHERE RIS A
CONSTANT TO BE DETERMINED. BY SUBSTITUTING THIS ASSUMED SOLUTION AND ITS DERIVATIVES INTO THE DIFFERENTIAL
EQUATION, WE CAN DERIVE A POLYNOMIAL EQUATION IN R, KNOWN AS THE CHARACTERISTIC EQUATION.

LET'S DERIVE THE CHARACTERISTIC EQUATION FOR THE GENERAL SECOND-ORDER HOMOGENEOUS CAUCHY-EULER EQUATION
AxZy” +xy’+ cy = 0.IF v = x[7] THEN THE FIRST DERIVATIVE IS ¥ = Rx/Z TAND THE SECOND DERIVATIVE IS ¥/ =
R(R=1)x[Z] TBUBSTITUTING THESE INTO THE EQUATION:

axr(r-1)xF ~3] +sxlexl] ~+c/xp] ]=0

SIMPLIFYING THIS EXPRESSION, WE GET:

AR(R- )X +8RXE] +cxPl =0

SINCE x > O, WE CAN DIVIDE BY X[}

AR(R-1) +8r+c=0

EXPANDING THIS, WE ARRIVE AT THE QUADRATIC CHARACTERISTIC EQUATION:
ARZ-AR+BR+C=0

ARZ+ (B-A)r +Cc =0

THE ROOTS OF THIS QUADRATIC EQUATION FOR R WILL DETERMINE THE FORM OF THE GENERAL SOLUTION. THE NATURE OF THESE
ROOTS (REAL AND DISTINCT, REAL AND EQUAL, OR COMPLEX CONJUGATE) DICTATES HOW WE EXPRESS THE FINAL SOLUTION
For Y(x).

SoLVING CAUCHY-EULER EQUATIONS WITH REAL AND DISTINCT RooOTS

\W/HEN THE CHARACTERISTIC EQUATION ARZ + (B'A)R + ¢ = 0 YIELDS TWO DISTINCT REAL ROOTS, SAY R; AND R,, THE
GENERAL SOLUTION OF THE HOMOGENEOUS CAUCHY-EULER EQUATION IS A LINEAR COMBINATION OF THE FUNDAMENTAL
SOLUTIONS DERIVED FROM THESE ROOTS. FOR EACH REAL ROOT EE, A SOLUTION IS OF THE FORM YE = XE E

THEREFORE, THE GENERAL SOLUTION IS GIVEN BY:
y(x)=CxpPl T+ Coxp 2

WHERE C; AND C, ARE ARBITRARY CONSTANTS. THIS FORM IS DIRECTLY APPLICABLE WHEN X IS THE INDEPENDENT VARIABLE AND
WE ARE CONSIDERING THE DOMAIN WHERE X IS POSITIVE. |F THE DOMAIN INCLUDES NEGATIVE VALUES OF X, THE SOLUTION IS
OFTEN EXPRESSED USING ABSOLUTE VALUES, Y(x) = G/x[F] "+ C,/x/P] T® ENSURE THAT X/2/1S WELL-DEFINED FOR REAL
NUMBERS.

ExAMPLE: REAL AND DISTINCT RoOTS

ConsIDER THE CAUCHY-EULER EQUATION: x?y”" - 3xy’ + 4y = 0.

Here, A = 7,8=-3, AND C = 4.

THE CHARACTERISTIC EQUATION IS: TRZ + (-3~ 1)k + 4 = 0, WHICH SIMPLIFIES TO RZ - 4R + 4 = (.

FACTORING THE QUADRATIC EQUATION, WE GET (R-2)(R-2) = O. THIS EQUATION HAS A REPEATED REAL ROOT R = 2.

WA/T, THE EXAMPLE ABOVE RESULTED IN EQUAL ROOTS. LET’S CORRECT THAT.

LET'S TAKE A DIFFERENT EXAMPLE FOR REAL AND DISTINCT ROOTS: X2y”" + 6xy’ + 3y = 0.

Here, A= T7,8=5,AND Cc=3.



THE CHARACTERISTIC EQUATION IS: TRZ + (6-1)k + 3 = O, WHICH SIMPLIFIES TO RZ + 4R + 3 = (.
FACTORING THE QUADRATIC EQUATION, WE GET (R+ 1)(R+3) = O. THE ROOTS ARE R; = =] AND R, = -3.
SINCE THE ROOTS ARE REAL AND DISTINCT, THE GENERAL SOLUTION IS:

y(x)=CxT+ Cox3

SoLVING CAUCHY-EULER EQUATIONS WITH REAL AND EQUAL RoOTS

IF THE CHARACTERISTIC EQUATION ARZ + (B-A )R + C = O RESULTS IN A SINGLE REAL ROOT, R; = R, = R, THE STANDARD
APPROACH OF ASSUMING Y = X/7] ONLY PROVIDES ONE LINEARLY INDEPENDENT SOLUTION. TO FIND A SECOND LINEARLY
INDEPENDENT SOLUTION, WE EMPLOY A METHOD SIMILAR TO THE REDUCTION OF ORDER, TYPICALLY ASSUMING A SOLUTION OF
THE FORM Y, = X7 Ln(x)

THUS, WHEN THERE IS A REPEATED REAL ROOT R, THE GENERAL SOLUTION IS GIVEN BY:
v(x)=CxpPl + CoxPl Lnv(x)

AGAIN, FOR X < O, THE USE OF ABSOLUTE VALUES MIGHT BE NECESSARY DEPENDING ON THE CONTEXT AND THE NATURE OF R.

ExAMPLE: ReaL AND EQuUAL RooTs

Consiper THE CAUCHY-EULER EQUATION: X2y” - 3xy’ + 3y = 0.
Here, A = 7,8 ="-3, AND ¢ = 3.
THE CHARACTERISTIC EQUATION IS: TRZ + (-3-1)k + 3 = O, WHICH SIMPLIFIES TO RZ - 4r + 3 = 0.

FACTORING THE QUADRATIC EQUATION, WE GET (R-7)(R-3) = 0. THIS HAS DISTINCT ROOTS R=] AND R=3. AGAIN, THE
EXAMPLE IS NOT FOR EQUAL ROOTS. LET’S CORRECT IT.

Consiper THE CAUCHY-EULER EQUATION: x2y” + &xy’ + 4y = 0.

Here, A= T7,8=5,AND C = 4.

THE CHARACTERISTIC EQUATION IS: 1RZ + (6-1)k + 4 = O, WHICH SIMPLIFIES TO RZ + 4r + 4 = O.

FACTORING THE QUADRATIC EQUATION, WE GET (R+2)(R+2) = 0. THIS EQUATION HAS A REPEATED REAL ROOT R = -2.
SINCE THERE IS A REPEATED ROOT, THE GENERAL SOLUTION IS:

y(x) = Cx2+ Cox72n(x)

SoLVING CAUCHY-EULER EQUATIONS WITH CoMPLEX CONJUGATE RooTsS

\/HEN THE DISCRIMINANT OF THE CHARACTERISTIC EQUATION IS NEGATIVE, THE ROOTS ARE A PAIR OF COMPLEX CONJUGATES.
LET THE ROOTSBER = A + IB, WHERE A IS THE REAL PART AND B IS THE IMAGINARY PART (B’ 7 0)

THE SOLUTIONS CORRESPONDING TO THESE COMPLEX ROOTS ARE TYPICALLY EXPRESSED IN TERMS OF REAL-VALUED FUNCTIONS
USING EULER'S FORMULA, £7(10) = cos(e) + 1 sin(e). SUBSTITUTING X = £/ (OrR T = LN(X)), WE CAN TRANSFORM THE
CAUCHY-EULER EQUATION INTO A CONSTANT-COEFFICIENT EQUATION. HOWEVER, WORKING DIRECTLY WITH X/7, WE CAN
EXPRESS THE SOLUTIONS AS:

x™a +.)=xF x"(B)=xP e"(8LN(x))=xF [cos(ein(x))+1sin(BLN(Xx))]

AND

x"a-8)=xF x"(-i8) =xF e"(-18n(x))=xPF [cos(ein(x))-1sin(LN(X))]



BY TAKING LINEAR COMBINATIONS OF THESE COMPLEX SOLUTIONS, WE OBTAIN TWO LINEARLY INDEPENDENT REAL-VALUED
SOLUTIONS:

v,(x) = x[7] cos(eLn(x))
Yo(x) =xP] sin(e Ln(x))

THEREFORE, THE GENERAL SOLUTION FOR COMPLEX CONJUGATE ROOTS IS:
y(x) =xP [C, cos(ein(x)) + C, sin(e LN(x))]

ExampLE: CoMPLEX CONJUGATE RooTS

Consiper THE CAUCHY-EULER EQUATION: X2y + x“+ v = 0.

Here, A= 1,8=1,ANDC= 1.

THE CHARACTERISTIC EQUATION IS: TRZ+ (1-1)r + 1 = O, WHICH SIMPLIFIES TO RZ+ ] = (.
THE ROOTS ARE RZ=-1,50 R = #1.

IN THIS CASE, A =0 AND B = .

THE GENERAL SOLUTION IS:

y(x) =x9[C, cos( 1 in(x)) + C, sin( T Ln(x))]

y(x) = G cos(tn(x)) + C, sin(tn(x))

SoLVING NoN-HoMoGeNEous CAUCHY-EULER EQUATIONS

\W/HEN DEALING WITH NON-HOMOGENEOUS CAUCHY-EULER EQUATIONS OF THE FORM AX?Y "+ Bxy’ + ¢y = 6(x), WHERE G(x)

7z 0, THE GENERAL SOLUTION IS THE SUM OF THE COMPLEMENTARY SOLUTION (THE GENERAL SOLUTION TO THE ASSOCIATED
HOMOGENEOUS EQUATION) AND A PARTICULAR SOLUTION TO THE NON-HOMOGENEOUS EQUATION.

THE COMPLEMENTARY SOLUTION, Y_C(X), IS FOUND USING THE METHODS DESCRIBED PREVIOUSLY FOR HOMOGENEOUS CAUCHY-
EULER EQUATIONS. THE CHALLENGE LIES IN FINDING THE PARTICULAR SOLUTION, Y_P(X).

TWO COMMON METHODS FOR FINDING Y_P(X) ARE:

® MeTHOD OF UNDETERMINED COEFFICIENTS: THIS METHOD IS APPLICABLE WHEN G(X) IS OF A SPECIFIC FORM, SUCH AS
POLYNOMIALS, EXPONENTIALS, SINES, OR COSINES, OR COMBINATIONS THEREOF. [T INVOLVES ASSUMING A FORM FOR
Y_P(X) WITH UNKNOWN COEFFICIENTS AND SUBSTITUTING IT INTO THE NON"HOMOGENEOUS EQUATION TO SOLVE FOR
THESE COEFFICIENTS.

e METHOD OF V ARIATION OF PARAMETERS: THIS IS A MORE GENERAL METHOD THAT CAN BE USED FOR ANY FORM OF G(X).
[T INVOLVES MODIFYING THE FUNDAMENTAL SOLUTIONS OF THE HOMOGENEOUS EQUATION TO FIND A PARTICULAR
SOLUTION.

ExampLE: NoN-HoMoGeNEoUs CAUCHY-EULER EQUATION

CONSIDER THE NON-HOMOGENEOUS CAUCHY-EULER EQUATION: X2y - 2xy’+ 2y = x°2
FIRST, WE FIND THE COMPLEMENTARY SOLUTION FOR THE HOMOGENEOUS EQUATION x2y”" - 2xv’ + 2y = (.
THE CHARACTERISTIC EQUATION IS RZ + (-2-1)r + 2 = 0, WHICH IS RZ - 3r + 2 = O.

FACTORING GIVES (R-T1)(R-2) = 0, WITHROOTS R; = ] AND R, = 2.



THE COMPLEMENTARY SOLUTION IS ¥_c(x) = Cx"+ C,x2

NO\X/, WE FIND A PARTICULAR SOLUTION. SINCE G(X) =x3is A POLYNOMIAL, WE CAN USE THE METHOD OF UNDETERMINED
COEFFICIENTS. WE ASSUME Y_P(X) = Ax® NOTE THAT x2IS NOT A SOLUTION TO THE HOMOGENEOUS EQUATION, SO WE
DON'T NEED TO MULTIPLY BY POWERS OF X. HO\X/EVER, IF THE RIGHT-HAND SIDE INCLUDED TERMS THAT WERE SOLUTIONS TO
THE HOMOGENEOUS EQUATION, WE WOULD NEED TO MODIFY OUR ASSUMPTION.

y_P(x)=3Ax?
y P(x)=6Ax

SUBSTITUTE INTO THE NON-HOMOGENEOUS EQUATION:
x%(6Ax) - 2x(3Ax?) + 2(Ax?®) = x*®

6AX® - 6AX® + 2Ax® = x*

2Ax®%=x3

EQUATING COEFFICIENTS, 2A = 1,50 A = 1/2.

THE PARTICULAR SOLUTION IS ¥_P(x) = (1/2)x3

THE GENERAL SOLUTION IS ¥(Xx) = v_c(x) + v_pr(x):
y(x)=Cx + Cx?2+(1/2)x3

PrRACTICAL APPLICATIONS OF CAUCHY-EULER DIFFERENTIAL EQUATIONS

THE MATHEMATICAL ELEGANCE OF CAUCHY-EULER DIFFERENTIAL EQUATIONS TRANSLATES INTO NUMEROUS PRACTICAL
APPLICATIONS ACROSS VARIOUS SCIENTIFIC AND ENGINEERING DISCIPLINES. THEIR ABILITY TO MODEL PHENOMENA WITH RADIALLY
SYMMETRIC PROPERTIES OR SITUATIONS WHERE PARAMETERS CHANGE WITH DISTANCE MAKES THEM INVALUABLE.

SOME KEY AREAS WHERE THESE EQUATIONS FIND APPLICATION INCLUDE:

® PHYSICS: THEY ARE FREQUENTLY USED IN PROBLEMS INVOLVING ELECTROSTATIC POTENTIALS IN SPHERICAL OR
CYLINDRICAL COORDINATES, HEAT CONDUCTION IN OBJECTS WITH VARYING RADII, AND FLUID DYNAMICS. For INSTANCE,
THE POTENTIAL DISTRIBUTION AROUND A SPHERICAL CHARGE DISTRIBUTION CAN BE DESCRIBED BY A CAUCHY-EULER
EQUATION.

® ENGINEERING: IN MECHANICAL ENGINEERING, THEY CAN MODEL THE BENDING OF BEAMS WITH VARIABLE CROSS-SECTIONS OR
THE STRESS DISTRIBUTION IN ROTATING DISKS. IN ELECTRICAL ENGINEERING, THEY MIGHT APPEAR IN THE ANALYSIS OF
TRANSMISSION LINES WITH DISTRIBUTED PARAMETERS.

® Economics: CERTAIN ECONOMIC MODELS, PARTICULARLY THOSE DEALING WITH GROWTH AND DECAY RATES THAT ARE
NOT CONSTANT OVER TIME, CAN BE FORMULATED USING THESE TYPES OF EQUATIONS.

® BioLOGY: MODELS OF POPULATION DYNAMICS OR THE SPREAD OF DISEASES IN SPATIALLY VARYING ENVIRONMENTS MAY
ALSO INVOLVE CAUCHY-EULER DIFFERENTIAL EQUATIONS.

THE ABILITY TO DERIVE ANALYTICAL SOLUTIONS FOR THESE EQUATIONS PROVIDES DEEP INSIGHTS INTO THE BEHAVIOR OF THE
SYSTEMS THEY REPRESENT, ALLOWING FOR PREDICTION, OPTIMIZATION, AND DESIGN. THE UNDERSTANDING OF THE
CHARACTERISTIC ROOTS AND THEIR IMPACT ON THE SOLUTION BEHAVIOR IS CRUCIAL FOR INTERPRETING THESE REAL-WORLD
PHENOMENA.



FAQ

Q: WHAT IS THE GENERAL FORM OF A CAUCHY-EULER DIFFERENTIAL EQUATION?

A: THE GENERAL FORM OF A LINEAR N-TH ORDER CAUCHY-EULER DIFFERENTIAL EQUATION IS:
AE XNY(N) + AE _7XN—7Y(N—7) + .+ A;XY/"L AgY = G(X)
\WHERE AEARE CONSTANTS AND X IS THE INDEPENDENT VARIABLE, TYPICALLY CONSIDERED POSITIVE.

Q: How po You soLVE A HOMOGENEOUS CAUCHY-EULER DIFFERENTIAL EQUATION?

A: THE PRIMARY METHOD FOR SOLVING HOMOGENEOUS CAUCHY-EULER EQUATIONS IS BY ASSUMING A SOLUTION OF THE FORM
Y = XE SUBSTITUTING THIS INTO THE EQUATION LEADS TO A CHARACTERISTIC POLYNOMIAL IN R. THE NATURE OF THE ROOTS
OF THIS POLYNOMIAL (REAL AND DISTINCT, REAL AND EQUAL, OR COMPLEX CONJUGATES) DETERMINES THE FORM OF THE GENERAL
SOLUTION.

Q: WHAT HAPPENS IF THE ROOTS OF THE CHARACTERISTIC EQUATION ARE REAL AND
DISTINCT FOR A CAUCHY-EULER EQUATION?

A: IF THE CHARACTERISTIC EQUATION HAS TWO DISTINCT REAL ROOTS, R; AND R,, THE GENERAL SOLUTION FOR A SECOND-
ORDER HOMOGENEOUS CAUCHY-EULER EQUATION IS Y(x) = x| T+ Coxf 2

QZ How 1S THE SOLUTION FORMED WHEN THE CAUCHY-EULER CHARACTERISTIC
EQUATION HAS A REPEATED REAL ROOT?

A: WHEN THE CHARACTERISTIC EQUATION HAS A REPEATED REAL ROOT, R, THE GENERAL SOLUTION FOR A SECOND-ORDER
HOMOGENEOUS CAUCHY-EULER EQUATION IS Y(x) = Cox[F  + CoxPl Ln(x)

Q: WHAT IS THE SOLUTION FORM FOR COMPLEX CONJUGATE ROOTS IN A CAUCHY-
EULER EQUATION?

A: |F THE CHARACTERISTIC EQUATION HAS COMPLEX CONJUGATE ROOTS R = A # /B, THE GENERAL SOLUTION FOR A SECOND-
ORDER HOMOGENEOUS CAUCHY-FULER EQUATION IS Y(X) = X7 [C, cos(e Ln(x)) + C, sin(B LN(x))]

Q: CAN YOU SOLVE NON-HOMOGENEOUS CAUCHY-EULER EQUATIONS USING THE SAME
CHARACTERISTIC EQUATION METHOD?

A: THE CHARACTERISTIC EQUATION METHOD IS USED TO FIND THE COMPLEMENTARY SOLUTION (THE SOLUTION TO THE
ASSOCIATED HOMOGENEOUS EQUATION). FOR THE PARTICULAR SOLUTION OF A NON-HOMOGENEOUS CAUCHY-EULER EQUATION,
METHODS LIKE UNDETERMINED COEFFICIENTS OR VARIATION OF PARAMETERS ARE EMPLOYED.

Q: ARE THERE ANY RESTRICTIONS ON THE INDEPENDENT VARIABLE X WHEN SOLVING
CAUCHY-EULER EQUATIONS?

A: YES, THE STANDARD ASSUMPTION IS THAT X > O, AS THIS ENSURES THAT XEIS WELL-DEFINED FOR REAL R. [F SOLUTIONS
ARE NEEDED FOR X < O, THE SOLUTIONS ARE OFTEN EXPRESSED USING ABSOLUTE VALUES, SUCH AS /X/E



Q: WHY ARe CAUCHY-EULER DIFFERENTIAL EQUATIONS IMPORTANT IN APPLICATIONS?

A: CAUCHY-EULER EQUATIONS ARE IMPORTANT BECAUSE THEY CAN MODEL SYSTEMS WITH RADIALLY SYMMETRIC PROPERTIES
OR SITUATIONS WHERE PARAMETERS CHANGE WITH DISTANCE, WHICH ARE COMMON IN PHYSICS, ENGINEERING, AND OTHER
SCIENTIFIC FIELDS.
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